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Abstract
The coupling of matter to supergravity with N = 1 supersymmetry in d = 4 dimensions is described in
a geometric manner by Ka¨hler superspace. A straightforward way to implement Ka¨hler superspace is
via U(1) superspace by identifying the U(1) pre-potential with the Ka¨hler potential, which is a function
of the matter (chiral) superfields. In this framework, the components of the supergravity multiplet are
contained in the supervielbein and torsion tensor of superspace. Furthermore, interactions with the
Yang-Mills (vector) multiplet are formulated by introducing a connection 1-superform of an additional
gauge structure. In these notes, the Bianchi identities in U(1) superspace are solved for a particular
set of torsion constraints which lead to the minimal supergravity multiplet. Moreover, the solution
of the Bianchi identities in the gauge sector is derived and Ka¨hler superspace is defined. At the
superfield level, the general action of the supergravity/matter/Yang-Mills system and supergravity
transformations are formulated, and the equations of motion are deduced. Using projection to lowest
components in superspace, the corresponding Lagrangian and supergravity transformations at the
component field level are calculated, and the equations of motion of the auxiliary fields are determined.
Compared to existing literature, these notes provide a self-contained and consistent step by step
derivation of the general supergravity/matter/Yang-Mills Lagrangian for N = 1 supersymmetry in
d = 4 dimensions by means of superspace techniques.
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1 Overview
• Organisation of the notes:
The notes are organized as follows: in Section 2 definitions and useful identities related to Pauli
matrices and Weyl spinors are listed. In Section 3 the supervielbein and superforms are defined and
U(1) superspace is introduced, including the torsion tensor and the Lorentz and U(1) connection.
Furthermore, the Bianchi identities in U(1) superspace are presented, which are then solved in
Section 4, by taking into account a particular set of torsion constraints. These constraints lead
to the minimal supergravity multiplet. The Yang-Mills connection as well as the matter (chiral)
superfields are introduced in Section 5, where also the Bianchi identity with respect to the gauge
group is solved, considering a set of constraints of the Yang-Mills field strength. In Section 6 Ka¨hler
superspace is derived from U(1) superspace by a suitable identification of the Ka¨hler potential,
which is a function of the matter superfields, with the U(1) pre-potential. Moreover, supergravity
transformations are defined and the general action of the supergravity/matter/Yang-Mills system
at the superfield level is stated. By considering variations of the action which are compatible
with the torsion and Yang-Mills field strength constraints as well as with the chirality condition
of the matter superfields, the equations of motion of the superfields are derived in Section 7.
In Section 8 the component fields of the supergravity, the matter and the Yang-Mills multiplet
(including auxiliary fields) are defined via projection to lowest components in superspace, and
the corresponding supergravity transformations are determined. In addition the general (off-shell)
Lagrangian of the supergravity/matter/Yang-Mills system at the component field level is derived
and the equations of motion of the auxiliary fields are calculated.
• Literature:
The following list of references represents only a selection of the existing literature of the differ-
ent topics and is far away from complete. An introduction to superspace geometry can be found
in [1–4]. Furthermore, U(1) superspace is explicitly discussed in [5, 6]. The underlying math-
ematical framework of superspace are supermanifolds, which are considered in a mathematical
context in [7–10]. At the component field level, the supergravity Lagrangian, including matter
and gauge multiplets, is derived in [3–5,11]. In general, the calculations in Sections 4–8 follow the
considerations in [5].
2 Notations and identities
2.1 Conventions
• Minkowski metric:
In all the subsequent sections the mostly plus convention for the Minkowski metric,
ηab = η
ab = diag(−1,+1,+1,+1) , (2.1)
is used, with the Lorentz vector indices a, b ∈ {0, 1, 2, 3}. The matrix ηab is the inverse of ηab.
These two matrices are employed to raise and lower Lorentz vector indices.
• Levi-Civita tensors:
The totally antisymmetric Levi-Civita tensor ǫabcd with four Lorentz vector indices is defined as
ǫ0123 = +1 , ǫ
0123 = −1 , (2.2)
such that
ǫabcd = ηaeηbfηcgηdhǫ
efgh , ǫabcd = ηaeηbfηcgηdhǫefgh , (2.3)
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and
ǫabcdǫ
efcd = −2(δeaδfb − δfa δeb) , (2.4)
ǫabcdǫ
ebcd = −6δea . (2.5)
Furthermore, the totally antisymmetric Levi-Civita tensor ǫαβ (ǫα˙β˙) with two (Lorentz) Weyl spinor
indices α, β ∈ {1, 2} (α˙, β˙ ∈ {1, 2}) is defined as follows:
ǫ12 = ǫ21 (= ǫ
1˙2˙ = ǫ2˙1˙) = +1 . (2.6)
Thus, ǫαβ and ǫαβ are the inverses of each other, namely
ǫαγǫγβ = ǫβγǫ
γα = δαβ , (2.7)
and they are used to raise and lower spinor indices. Finally, the two matrices obey the relations
ǫαβ = −ǫαγǫβδǫγδ , ǫαβ = −ǫαγǫβδǫγδ . (2.8)
Note that the identities in Eq. (2.7) and (2.8) are also valid for ǫα˙β˙ .
• Grassmann parity:
In general, commuting and anti-commuting objects O are referred to as c-type and a-type, respec-
tively, with Grassmann parity ǫ(O) = 0 and ǫ(O) = 1. A general object may consist of a sum of a
c- and an a-type component, consequently it has no definite commutation property. The object is
called pure (of c- or a-type), if one of the components vanishes:
ǫ(O) =
{
0 if O is c-type
1 if O is a-type (2.9)
The Grassmann parity of the product of two pure objects is the sum of the two individual Grass-
mann parities modulo 2:
ǫ(O1O2) = ǫ(O1) + ǫ(O2) (mod 2) . (2.10)
If the order of the two objects in the product is reversed, there is a factor +1 or −1 depending on
the product of the two Grassmann parities, namely
O1O2 = (−1)ǫ(O1)ǫ(O2)O2O1 =: (−1)O1O2O2O1 . (2.11)
It is convenient to use the abbreviations
(−1)O ≡ (−1)ǫ(O) , (2.12)
(−1)O1O2 ≡ (−1)ǫ(O1)ǫ(O2) . (2.13)
Moreover, if an object OA with a Lorentz index A ∈ {a, α, α˙} has the Grassmann parity ǫ(Oa) = 0
and ǫ(Oα) = ǫ(Oα˙) = 1, it is handy to write
(−1)A ≡ (−1)ǫ(OA) , (2.14)
(−1)AB ≡ (−1)ǫ(OA)ǫ(OB) . (2.15)
• Symmetric spinor indices:
If objects Oα1...αn and Oα˙1...α˙n are symmetric in the spinor indices α1...αn and α˙1...α˙n, respectively,
this is often indicated by using the notation
Oα1...αn( , Oα˙1...α˙n( . (2.16)
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2.2 Pauli matrices
• Definition:
The Pauli matrices σaβγ˙ and σ¯
aβ˙γ are defined as
σ0 = +σ¯0 =
(
1 0
0 1
)
, σ1 = −σ¯1 =
(
0 1
1 0
)
,
(2.17)
σ2 = −σ¯2 =
(
0 −i
i 0
)
, σ3 = −σ¯3 =
(
1 0
0 −1
)
.
The matrices σa and σ¯a are Hermitian, i.e.
(σc
αβ˙
)∗ = σcβα˙ , (σ¯
cα˙β)∗ = σ¯cβ˙α , (2.18)
and they are converted into each other by using the Levi-Civita tensor
ǫβαǫβ˙α˙σaαα˙ = σ¯
aβ˙β , ǫβ˙α˙ǫβασ¯
aα˙α = σa
ββ˙
, (2.19)
ǫβασaαα˙ = ǫα˙β˙σ¯
aβ˙β , ǫβ˙α˙σaαα˙ = ǫαβ σ¯
aβ˙β . (2.20)
It is convenient to use the following notations:
(ǫσa)βα˙ = ǫ
βασαα˙ , (ǫσ¯
a)β˙
α = ǫβ˙α˙σ¯
aα˙α , (2.21)
(σaǫ)α
β˙ = σaαα˙ǫ
α˙β˙ , (σ¯aǫ)α˙β = σ¯
aα˙αǫαβ . (2.22)
The matrices σab and σ¯ab are defined as
(σab)α
β
=
1
4
(σaσ¯b − σbσ¯a)αβ , (σ¯ab)α˙β˙ =
1
4
(σ¯aσb − σ¯bσa)α˙β˙ , (2.23)
thus, the product of two Pauli matrices has the form
(σaσ¯b)α
β
= −ηabδβα + 2(σab)α
β
, (σ¯aσb)α˙β˙ = −ηabδα˙β˙ + 2(σ¯ab)α˙β˙ . (2.24)
Moreover, the definition in Eq. (2.23) implies that σab and σ¯ab are traceless and antisymmetric in
the vector indices:
trσab = 0 , tr σ¯ab = 0 , (2.25)
σba = −σab , σ¯ba = −σ¯ab . (2.26)
They are transformed into each other by conjugation, namely(
(σab)α
β)∗
= −(σ¯ab)β˙ α˙ . (2.27)
Further identities which involve the Levi-Civita tensor from Eq. (2.6) are given by
(ǫσabǫ)αβ = −(σab)β
α
, (ǫσ¯abǫ)α˙
β˙
= −(σ¯ab)β˙ α˙ , (2.28)
(ǫσab)αβ = (ǫσab)βα , (ǫσ¯ab)α˙β˙ = (ǫσ¯
ab)β˙α˙ , (2.29)
(σabǫ)αβ = (σ
abǫ)βα , (σ¯
abǫ)α˙β˙ = (σ¯abǫ)β˙α˙ , (2.30)
where
(ǫσabǫ)αβ = ǫ
αγ(σab)γ
δ
ǫδβ , (ǫσ¯
abǫ)α˙
β˙
= ǫα˙γ˙(σ¯
ab)γ˙ δ˙ǫ
δ˙β˙ . (2.31)
Using the Levi-Civita tensor from Eq. (2.2), the self-duality relations are written as
ǫabcdσ
cd = −2iσab , ǫabcdσ¯cd = +2iσ¯ab , (2.32)
ǫabcdσcd = +2iσ
ab , ǫabcdσ¯cd = −2iσ¯ab . (2.33)
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• Identities:
The following identities, which involve two Pauli matrices,
tr(σaσ¯b) = −2ηab , (2.34)
σaαα˙σ¯
β˙β
a = −2δβαδβ˙α˙ , (2.35)
σaαα˙σaββ˙ = −2ǫαβǫα˙β˙ , (2.36)
σ¯aα˙ασ¯β˙βa = −2ǫαβǫα˙β˙ , (2.37)
stem from the more general relations
σaαα˙σ¯
bβ˙β = −1
2
δβαδ
β˙
α˙η
ab + δβ˙α˙(σ
ab)α
β − δβα(σ¯ab)β˙ α˙
− (σac)αβ(σ¯bc)β˙ α˙ − (σbc)α
β
(σ¯ac)β˙ α˙ ,
(2.38)
σaαα˙σ
b
ββ˙
= −1
2
ǫαβǫα˙β˙η
ab + ǫα˙β˙(σ
abǫ)αβ + ǫαβ(ǫσ¯
ab)α˙β˙
+ (σacǫ)αβ(ǫσ¯
bc)α˙β˙ + (σ
b
cǫ)αβ(ǫσ¯
ac)α˙β˙ ,
(2.39)
σ¯aα˙ασ¯bβ˙β = −1
2
ǫαβǫα˙β˙ηab + ǫα˙β˙(ǫσab)αβ + ǫαβ(σ¯abǫ)α˙β˙
+ (ǫσac)
αβ(σ¯bcǫ)α˙β˙ + (ǫσbc)
αβ(σ¯acǫ)α˙β˙ .
(2.40)
Furthermore, from the product of three Pauli matrices, namely
(σaσ¯bσc)αβ˙ = (−ηabηcd + ηcaηbd − ηbcηad + iǫabcd)σdαβ˙ , (2.41)
(σ¯aσbσ¯c)α˙β = (−ηabηcd + ηcaηbd − ηbcηad − iǫabcd)σ¯α˙βd , (2.42)
the identities
(σabσc)αβ˙ =
1
2
(ηacηbd − ηbcηad + iǫabcd)σdαβ˙ , (2.43)
(σ¯abσ¯c)α˙β =
1
2
(ηacηbd − ηbcηad − iǫabcd)σ¯α˙βd , (2.44)
(σaσ¯bc)αβ˙ =
1
2
(ηacηbd − ηabηcd + iǫabcd)σdαβ˙ , (2.45)
(σ¯aσbc)α˙β =
1
2
(ηacηbd − ηabηcd − iǫabcd)σ¯α˙βd , (2.46)
are derived. On the other hand, if the sum is taken over a vector index, the relations
σbββ˙(σ
ab)α
γ
= −δγβσaαβ˙ +
1
2
δγασ
a
ββ˙
, (2.47)
σ¯β˙βb (σ¯
ab)α˙γ˙ = −δβ˙γ˙ σ¯aα˙β +
1
2
δα˙γ˙ σ¯
aβ˙β , (2.48)
σbββ˙(σ¯
ab)γ˙ α˙ = +δ
γ˙
β˙
σaβα˙ −
1
2
δγ˙α˙σ
a
ββ˙
, (2.49)
σ¯β˙βb (σ
ab)γ
α
= +δβγ σ¯
aβ˙α − 1
2
δαγ σ¯
aβ˙β , (2.50)
apply. Another relation is given by∮
abc
∮
αβγ
(ǫσab)αβ σ¯cγ˙γ = 0 ,
∮
abc
∮
α˙β˙γ˙
(ǫσ¯ab)α˙β˙σ
c
γγ˙ = 0 , (2.51)
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where
∮
labels a cyclic sum over the indices, i.e.
∮
abc abc = abc+ bac+ cab. A selection of identities
which involve four Pauli matrices is the following: The trace of the product of two matrices σab
and σ¯ab, respectively, is given by
tr(σabσcd) = −1
2
(ηacηbd − ηadηbc + iǫabcd) , (2.52)
tr(σ¯abσ¯cd) = −1
2
(ηacηbd − ηadηbc − iǫabcd) . (2.53)
Furthermore, the commutator of two such matrices reads
[σab, σcd] = ηacσbd − ηadσbc − ηbcσad + ηbdσac , (2.54)
[σ¯ab, σ¯cd] = ηacσ¯bd − ηadσ¯bc − ηbcσ¯ad + ηbdσ¯ac , (2.55)
and the anticommutator has the form
{σab, σcd}αβ = tr(σabσcd)δβα , (2.56)
{σ¯ab, σ¯cd}α˙β˙ = tr(σ¯abσ¯cd)δα˙β˙ . (2.57)
If the sum is taken over the vector indices, the identities
(ǫσab)αβ(σabǫ)γδ = −δαγ δβδ − δαδ δβγ , (2.58)
(ǫσ¯ab)α˙β˙(σ¯abǫ)
γ˙δ˙ = −δγ˙α˙δδ˙β˙ − δδ˙α˙δ
γ˙
β˙
, (2.59)
σabσ¯ab = 0 , (2.60)
are valid. Finally, the contraction of a product of four Pauli matrices with the Levi-Civita tensor
from Eq. (2.2) is given by
− i
4!
ǫabcd(σ
aσ¯bσcσ¯d)α
β
= δβα , +
i
4!
ǫabcd(σ¯
aσbσ¯cσd)α˙β˙ = δ
α˙
β˙
. (2.61)
2.3 Weyl spinors
• Definition:
In this section a-type Weyl spinors χα, χ¯
α˙, with an undotted and a dotted spinor index, respectively,
are considered. Under Lorentz transformations χ transforms in the representation (12 , 0), and χ¯ in
the representation (0, 12 ). In particular, χ¯
α˙ with an upper index transforms in the dual conjugate
representation of χα with a lower index. The spinor indices are raised and lowered with the
Levi-Civita tensor from Eq. (2.6):
χα = ǫαβχβ , χ¯α˙ = ǫα˙β˙χ¯
β˙ . (2.62)
Under conjugation, a spinor with an undotted index is transformed into a spinor with a dotted
index and vice versa. Moreover, if a product of two Weyl spinors is conjugated, the Grassmann
parity has to be taken into account:
(χα)
∗ = χ¯α˙ , (2.63)
(χαψβ)
∗ = −χ¯α˙ψ¯β˙ . (2.64)
• Identities:
Writing the spinor indices explicitly, the following terms which contain spinors and Pauli matrices
have the form
χψ = χαψα , χ¯ψ¯ = χ¯α˙ψ¯
α˙ , (2.65)
χσaψ¯ = χασaαα˙ψ¯
α˙ , χ¯σ¯aψ = χ¯α˙σ¯
aα˙αψα , (2.66)
χσaσ¯bψ = χασaαα˙σ¯
bα˙βψβ , χ¯σ¯
aσbψ¯ = χ¯α˙σ¯
aα˙ασb
αβ˙
ψ¯β˙ , (2.67)
χσaσ¯bσcψ¯ = χασaαα˙σ¯
bα˙βσcβγ˙ψ
γ˙ , χ¯σ¯aσbσ¯cψ = χ¯α˙σ¯
aα˙ασb
αβ˙
σ¯cβ˙γψγ . (2.68)
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For the above products the following relations are valid:
χψ = ψχ , χ¯ψ¯ = ψ¯χ¯ , (2.69)
χσaψ¯ = −ψ¯σ¯aχ , (2.70)
χσaσ¯bψ = ψσbσ¯aχ , χ¯σ¯aσbψ¯ = ψ¯σ¯bσaχ¯ , (2.71)
χσaσ¯bσcψ¯ = −ψ¯σ¯cσbσ¯aχ , (2.72)
thus χσabψ = −ψσabχ and χ¯σ¯abψ¯ = −ψ¯σ¯abχ¯. Furthermore, under conjugation the products
transform as
(χψ)∗ = χ¯ψ¯ , (2.73)
(χσaψ¯)∗ = ψσaχ¯ , (χ¯σ¯aψ)∗ = ψ¯σ¯aχ , (2.74)
(χσaσ¯bψ)∗ = ψ¯σ¯bσaχ¯ , (2.75)
(χσaσ¯bσcψ¯)∗ = ψσcσ¯bσaχ¯ , (χ¯σ¯aσbσ¯cψ)∗ = ψ¯σ¯cσbσ¯aχ , (2.76)
hence (χσabψ)∗ = −ψ¯σ¯abχ¯. A product of four spinors χi and χ¯i (i = 1, 2, 3, 4), respectively, has
the property
(χ1χ2)(χ3χ4) = −(χ1χ3)(χ4χ2)− (χ1χ4)(χ2χ3) , (2.77)
(χ¯1χ¯2)(χ¯3χ¯4) = −(χ¯1χ¯3)(χ¯4χ¯2)− (χ¯1χ¯4)(χ¯2χ¯3) , (2.78)
where the brackets indicate the contraction of the spinor indices. Moreover, the following products
can be written in the simple form
(χ1σ
aχ¯2)(χ3σaχ¯4) = −2(χ1χ3)(χ¯2χ¯4) , (2.79)
(χ¯1σ¯
aχ2)(χ¯3σ¯aχ4) = −2(χ2χ4)(χ¯1χ¯3) , (2.80)
(χ1σ
aχ¯2)(χ¯3σ¯aχ4) = +2(χ1χ4)(χ¯2χ¯3) , (2.81)
by contracting the vector indices of the two Pauli matrices. A similar calculation applies for the
terms
(χ1σ
abχ2)(χ3σabχ4) = (χ1χ2)(χ3χ4) + 2(χ1χ4)(χ2χ3) , (2.82)
(χ¯1σ¯
abχ¯2)(χ¯3σ¯abχ¯4) = (χ¯1χ¯2)(χ¯3χ¯4) + 2(χ¯1χ¯4)(χ¯2χ¯3) , (2.83)
(χ1σ
abχ2)(χ¯3σ¯abχ¯4) = 0 . (2.84)
• Spinor vs. vector:
A Lorentz vector Va transforms in the representation (
1
2 ,
1
2) of the Lorentz group, where the index
is raised and lowered with the Minkowski metric from Eq. (2.1):
V a = ηabVb . (2.85)
A vector index a is converted into a pair of spinor indices αα˙ by contracting with the Pauli matrix
σaαα˙. The vector index is recovered by using −12 σ¯α˙α, namely:
Vαα˙ = σ
a
αα˙Va , (2.86)
Va = −1
2
σ¯α˙αa Vαα˙ . (2.87)
Thus, in terms of spinor indices the contraction of two vector indices is written as
VaW
a = −1
2
Vαα˙W
αα˙ , (2.88)
where Wαα˙ = ǫαβǫα˙β˙Wββ˙.
8
3 Superspace
3.1 Local coordinates and supervielbein
In superspace, a local coordinate patch has the form
zM := (xm, θµ, θ¯µ˙) , (3.1)
where xm are the usual, commuting (c-type) spacetime coordinates and θµ, θ¯µ˙ are additional anti-
commuting (a-type) coordinates, with m ∈ {0, 1, 2, 3} and µ, µ˙ ∈ {1, 2}. Under conjugation the coordi-
nates transform as follows
(xm)∗ = xm , (θµ)∗ = ǫµ˙ν˙ θ¯ν˙ , (θ¯µ˙)
∗ = ǫµνθ
ν , (3.2)
which means that xm is real, and θµ and θ¯µ˙ are the conjugate of each other. In terms of the local
coordinates zM , a general superfield Φ has the form
Φ(zM ) = Φ(xm, θµ, θ¯µ˙)
= φ00 + θψ10 + θ¯ψ01 + θθφ20 + θ¯θ¯φ02 + θ¯σ¯aθφ11
a + θ¯θ¯ θψ12 + θθ θ¯ψ21 + θθ θ¯θ¯φ22 ,
(3.3)
where the component fields
φij ≡ φij(xm) , ψij ≡ ψij(xm) , (3.4)
are functions of the spacetime coordinates xm. Note that φ11
a carries an index a ∈ {0, 1, 2, 3}. Further-
more, the component fields ψij have the following indices:
ψ10 ≡ ψ10µ , ψ12 ≡ ψ12µ ,
ψ01 ≡ ψ01µ˙ , ψ21 ≡ ψ21µ˙ .
(3.5)
If Φ is pure, namely even or odd, then the component fields also have definite Grassmann parity:
ǫ(Φ) = 0 ⇔ ǫ(φij) = 0 , ǫ(ψij) = 1 ,
ǫ(Φ) = 1 ⇔ ǫ(φij) = 1 , ǫ(ψij) = 0 .
(3.6)
The conjugation of the product of two pure superfields Φ and Ψ obeys the following rule
(ΦΨ)∗ = (−1)ΦΨΦ∗Ψ∗ , (3.7)
where the shorthand notation from Eq. (2.13) is used. A double conjugation is just the identity, (Φ∗)∗ =
Φ. In particular, Φ and Ψ can just be equal to the coordinates zM . Thus, according to Eq. (3.2), the
superfield Φ is real, if the component fields fulfil the following identities under conjugation:
Φ∗ = Φ ⇔ (φij)∗ = φji , (ψij)∗ = ψji , (3.8)
with adjusted heights of the spinor indices. In particular, if Φ is real, then the component fields φ00,
φ11, φ22 are real as well.
On the coordinate patch zM , the canonical local basis of the tangent bundle is formed by the supervector
fields
∂M = (∂m, ∂µ, ∂
µ˙) :=
∂
∂zM
=
( ∂
∂xm
,
∂
∂θµ
,
∂
∂θ¯µ˙
)
. (3.9)
Since the supervector fields have definite Grassmann parity, namely ǫ(∂M ) = ǫ(z
M ), they form a pure
basis. With respect to this basis, a general supervector field χ is written as χ = χM∂M . The supervector
fields ∂M act on superfields as derivatives with respect to z
M , which implies
∂Mz
N = δNM , (3.10)
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or written in a more explicit form:
∂mx
n = δnm , ∂µθ
ν = δνµ , ∂
µ˙θ¯ν˙ = δ
µ˙
ν˙ , (3.11)
where all other combinations vanish. The conjugate of ∂M is specified by the identity
(∂MΦ)
∗ = (−1)MΦ(∂M )∗Φ∗ , (3.12)
with a pure superfield Φ, which, in combination with Eq. (3.2) and (3.10), leads to the expressions
(∂m)
∗ = ∂m , (∂µ)
∗ = ǫµ˙ν˙∂
ν˙ , (∂µ˙)∗ = ǫµν∂ν . (3.13)
Every pure basis of the tangent bundle which fulfils these conjugation properties is called standard basis.
The dual local basis of the cotangent bundle is composed of the differentials
dzM = (dxm,dθµ,dθ¯µ˙) , (3.14)
with the property
∂Mdz
N = ∂Mz
N = δNM . (3.15)
The differentials dzM form a pure basis with ǫ(dzM ) = ǫ(zM ). A general supercovector field (1-
superform) ω is then written as ω = dzMωM , and the contraction with a vector field χ = χ
N∂N is
given by
χω = (χN∂N )(dz
MωM ) = χ
NδMN ωM = χ
MωM . (3.16)
The conjugation properties of the basis elements dzM are the ones of a standard basis, which are derived
from Eq. (3.13) and (3.15):
(dxm)∗ = dxm , (dθµ)∗ = ǫµ˙ν˙dθ¯ν˙ , (dθ¯µ˙)
∗ = ǫµνdθ
ν . (3.17)
To write down conjugate quantities, it is convenient to introduce dotted superspace indices M˙ . An upper
dotted index ()M˙ is defined as follows:
()M˙ := ()m for M = m,
()M˙ := ǫµ˙ν˙()ν˙ for M = µ ,
()M˙ := ǫµν()
ν for M = µ˙ .
(3.18)
A similar definition applies for a lower index ()M˙ :
()M˙ := ()m for M = m,
()M˙ := ǫµ˙ν˙()
ν˙ for M = µ ,
()M˙ := ǫ
µν()ν for M = µ˙ .
(3.19)
Note that ()M˙ M˙ = (−1)M ()MM and ()M˙M = (−1)M ()MM˙ With this notation, Eq. (3.2), (3.13) and
(3.17) are efficiently written as
(zM )∗ = zM˙ , (∂M )
∗ = ∂M˙ , (dz
M )∗ = dzM˙ . (3.20)
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3.1.1 Supervielbein
The supervielbein
EA = (Ea, Eα, Eα˙) (3.21)
is a set of 1-superforms, which form a standard basis of the cotangent bundle. The components Ea are
c-type and Eα, Eα˙ are a-type, with a ∈ {0, 1, 2, 3} and α, α˙ ∈ {1, 2}. Furthermore, under conjugation
they transform as
(EA)∗ = EA˙ . (3.22)
As discussed later in Section 3.3, the index A represents a Lorentz index. In terms of the coordinate
basis, the supervielbein is written as
EA = dzMEM
A , (3.23)
with the invertible supermatrix EM
A. The conjugate of this supermatrix is determined by Eq. (3.22)
and the identity
(EA)∗ = (dzMEM
A)∗ = (−1)M(M+A)(dzM )∗(EMA)∗ = (−1)MAdzM (EM˙A)∗ , (3.24)
and is given by
(EM
A)∗ = (−1)M˙A˙EM˙ A˙ . (3.25)
On the tangent bundle, the inverse supervielbein
EA = (Ea, Eα, E
α˙) , (3.26)
forms the dual basis of the supervielbein, i.e. EAE
B = EBEA = δ
B
A . Writing
EA = EA
M∂M , (3.27)
it follows immediately that the supermatrices EA
M and EM
A are inverses of each other:
EA
MEM
B = δBA , EM
AEA
N = δNM . (3.28)
Using Eq. (3.22), the calculation
(EA˙)
∗EB = (EA˙)
∗(EB˙)∗ = (−1)AB(EA˙EB˙)∗ = δBA = EAEB (3.29)
provides the conjugation property of the inverse supervielbein
(EA)
∗ = EA˙ , (3.30)
and
(EA
M )∗ = (−1)A˙M˙EA˙M˙ . (3.31)
Writing the components of EA and EA as matrices,
EM
A =

Em
a Em
α Emα˙
Eµ
a Eµ
α Eµα˙
Eµ˙a Eµ˙α Eµ˙α˙

 , EAM =

Ea
m Ea
µ Eaµ˙
Eα
m Eα
µ Eαµ˙
Eα˙m Eα˙µ Eα˙µ˙

 , (3.32)
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their conjugates in Eq. (3.25) and (3.31) have the explicit form
(EM
A)∗ =


Em
a ǫα˙β˙Emβ˙ ǫαβEm
β
ǫµ˙ν˙E
ν˙a −ǫµ˙ν˙ǫα˙β˙Eν˙ β˙ −ǫµ˙ν˙ǫαβEν˙β
ǫµνEν
a −ǫµνǫα˙β˙Eνβ˙ −ǫµνǫαβEνβ

 , (3.33)
(EA
M )∗ =


Ea
m ǫµ˙ν˙Eaν˙ ǫµνEa
ν
ǫα˙β˙E
β˙m −ǫα˙β˙ǫµ˙ν˙Eβ˙ ν˙ −ǫα˙β˙ǫµνEβ˙ν
ǫαβEβ
m −ǫαβǫµ˙ν˙Eβν˙ −ǫαβǫµνEβν

 . (3.34)
With respect to the supervielbein and its inverse a general supercovector and supervector field are
written as ω = EAωA and χ = χ
AEA respectively, and the contraction is given by χω = χ
AωA. With
the supermatrix EM
A from Eq. (3.32) written in the compact form
EM
A =
(
Em
a Em
α
Eµ
a Eµ
α
)
, (3.35)
where µ labels µ, µ˙ and α labels α, α˙ (with adjusted height for the dotted indices), the superdeterminant
(also called Berezinian) is defined as
sdet(EM
A) := det(Em
a − Emβ Eβν Eνa) det(Eµα)−1
= det(Em
a) det(Eµ
α − EµbEbnEnα)−1 .
(3.36)
Note that the superdeterminant is defined only if the submatrices Em
a and Eµ
α are invertible, which is
equivalent to that the whole supermatrix EM
A is invertible, and that it is usually written in the short
form E = sdet(EM
A). The conjugate of E is given by(
sdet(EM
A)
)∗
=
(
det(Em
a − Emβ Eβν Eνa)
)∗(
det(Eµ
α)∗
)−1
. (3.37)
With the identities(
det(Em
a − Emβ Eβν Eνa)
)∗
= det
(
(Em
a)∗ + (Em
β)∗ (Eβ
ν)∗ (Eν
a)∗
)
= det(Em
a − Emβ˙ Eβ˙ ν˙ Eν˙ a)
= det(Em
a − Emβ Eβν Eνa) ,
(3.38)
and
det(Eµ
α)∗ = det(Eµ
α − Eµβ˙Eβ˙ ν˙Eν˙α)∗ det(Eµ˙α˙)∗
= det
(
(Eµ
α)∗ − (Eµβ˙)∗(Eβ˙ ν˙)∗(Eν˙α)∗
)
det
(
(Eµ˙α˙)
∗
)
= det(−Eµ˙α˙ +Eµ˙βEβνEνα˙) det(−Eµα)
= det
(− ǫµ˙τ˙ ǫα˙γ˙(E τ˙ γ˙ +E τ˙ βEβνEνγ˙)) det(−ǫµτ ǫαγEτ γ)
= det(E τ˙ γ˙ +E
τ˙ βEβ
νEνγ˙) det(Eτ
γ)
= det(Eτ
γ) ,
(3.39)
follows that the superdeterminant is real:
E∗ = E . (3.40)
Furthermore, if EM
A is a function of a parameter λ (c- or a-type), then the derivative of E with respect
to λ can be written in the form
d
dλ
E = (−1)NE
( d
dλ
EN
A
)
EA
N , (3.41)
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which is basically Jacobi’s formula in superspace. Thus, an infinitesimal change δEM
A of the supermatrix
results in the following change of the superdeterminant
δE = (−1)NE(δENA)EAN . (3.42)
3.1.2 Integration
Integration in superspace over the coordinates (xm, θµ, θ¯µ˙) is defined by the following properties∫
dxm θν := 0 ,
∫
dxm θ¯ν˙ := 0 ,∫
dθµ θν := δνµ ,
∫
dθµ θ¯ν˙ := 0 ,
∫
dθµ f(xn) := 0 , (3.43)∫
dθ¯µ˙ θ
ν := 0 ,
∫
dθ¯µ˙ θ¯ν˙ := δ
µ˙
ν˙ ,
∫
dθ¯µ˙ f(x
n) := 0 ,
where f is a general complex function of the coordinates xn. In addition,
∫
dxmf(xn) is the integral in
ordinary spacetime. Furthermore, with the definitions
dxm θν := +θν dxm , dxm θ¯ν˙ := +θ¯ν˙ dx
m ,
dθµ θ¯ν˙ := −θ¯ν˙ dθµ , dθµ f(xn) := +f(xn) dθµ , (3.44)
dθ¯µ˙ θ
ν := −θν dθ¯µ˙ , dθ¯µ˙ f(xn) := +f(xn) dθ¯µ˙ ,
follows from Eq. (3.11), that integration and differentiation with respect to the anti-commuting coordi-
nates θµ, θ¯µ˙ coincide, i.e.
∫
dθµ = ∂µ and
∫
dθ¯µ˙ = ∂
µ˙. To perform integration over the whole superspace,
it is convenient to define the quantities
d2θ := −1
4
ǫµνdθ
µdθν , d2θ¯ := −1
4
ǫµ˙ν˙dθµ˙dθ¯ν˙ . (3.45)
such that ∫
d2θ θθ = 1 ,
∫
d2θ¯ θ¯θ¯ = 1 , (3.46)
where the properties from Eq. (3.43) and Eq. (3.44) are used. With these identities, the integral of a
general superfield Φ(xm, θµ, θµ˙), as defined in Eq. (3.3), over all anti-commuting coordinates is given by∫
d2θ d2θ¯Φ = φ22 . (3.47)
Hence, the integration just extracts the component field φ22(x
n) of the top degree coefficient θθ θ¯θ¯.
This implies that the integral over derivatives with respect to anti-commuting coordinates θµ, θ¯µ˙ always
vanishes: ∫
d2θ d2θ¯ ∂νΦ = 0 ,
∫
d2θ d2θ¯ ∂ν˙Φ = 0 . (3.48)
Integration over the whole superspace, i.e. over all coordinates zM = (xm, θµ, θµ˙), is labelled by
∫
∗
. In
that case, according to Eq. (3.47) the integral of Φ(xm, θµ, θµ˙) reads∫
∗
Φ :=
∫
d4xd2θ d2θ¯Φ =
∫
d4xφ22 . (3.49)
Usually it is assumed that surface terms of φ22 vanish (e.g. if Φ has a compact support in the spacetime
coordinates xm). Together with Eq. (3.48) this implies∫
∗
∂NΦ = 0 . (3.50)
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The infinitesimal action of a local diffeomorphism in superspace is given by the Lie derivative Lξ,
parametrized by a real, even (infinitesimal) supervector field ξ = ξM∂M (cf. Section 3.2.4). For the
superfield Φ, the infinitesimal action under the diffeomorphism has the form
δΦ = ξM∂MΦ , (3.51)
thus, the value of the integral over Φ changes as∫
∗
δΦ =
∫
∗
ξM∂MΦ =
∫
∗
(
(−1)M∂M (ξMΦ)− (−1)M (∂M ξM )Φ
)
=
∫
∗
−(−1)M (∂M ξM )Φ , (3.52)
where Eq. (3.50) is used. Integrals which are invariant under diffeomorphisms are usually constructed by
using densities. The canonical real density in superspace is the superdeterminant E of the components
EM
A of the supervielbein, as defined in Eq. (3.36). According to Eq. (3.108) the transformation of EM
A
under the diffeomorphism ξ is given by
δEM
A = ξN (∂NEM
A) + (∂Mξ
N )EN
A , (3.53)
which, in combination with Eq. (3.41) and (3.42), implies
δE = (−1)MEξN (∂NEMA)EAM + (−1)ME(∂M ξN )ENAEAM
= ξN∂NE + (−1)ME(∂M ξM )
= (−1)M∂M (ξME) .
(3.54)
Thus, the volume of superspace, defined as
vol :=
∫
∗
E , (3.55)
does not change under diffeomorphisms. The general form of an integral containing the superfield Φ,
which is invariant under superspace diffeomorphisms, is given by
∫
∗
E Φ. The invariance follows directly
from Eq. (3.51) and (3.54), namely
δ(E Φ) = (δE)Φ + E(δΦ)
= (−1)M∂M (ξME)Φ + EξM∂MΦ
= (−1)M∂M (ξME Φ) ,
(3.56)
which implies ∫
∗
δ(E Φ) = 0 . (3.57)
3.2 Tensors
Let T be a pure tensor (c- or a-type) of rank (s, r). With respect to the local bases ∂M and dz
M , the
components are given by
TMr...M1
Mr+1...Mr+s := (∂Mr , ..., ∂M1)T (dz
Mr+1 , ...,dzMr+s) , (3.58)
and the Grassmann parity of the components is
ǫ(TMr...M1
Mr+1...Mr+s) = ǫ(T ) + ǫ(M1) + ...+ ǫ(Mr+s) . (3.59)
Tensors can be constructed from supervector or supercovector fields by means of the tensor product ⊗.
For example, if χi (i = 1, ..., s) is a set of supervector fields and ω
i (i = 1, ..., r) a set of supercovector
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fields, the (s, 0)-tensor χ1 ⊗ ... ⊗ χs and the (0, r)-tensor ω1 ⊗ ... ⊗ ωr act on a tuple of supercovector
and supervector fields, respectively, as follows:
χs ⊗ ...⊗ χ1 (ω1, ..., ωs) := (−1)∆s(ω)(−1)∆s(χ,ω)χsωs · ... · χ1ω1 , (3.60)
(χr, ..., χ1)ω
1 ⊗ ...⊗ ωr := (−1)∆r(χ)(−1)∆r(ω,χ)χ1ω1 · ... · χrωr , (3.61)
with
∆s(ω, χ) :=
s∑
t,u=1
t<u
ωtχu , (3.62)
∆s(ω) := ∆s(ω, ω) , (3.63)
and the contractions χiω
i are evaluated according to Eq. (3.16). Note that tensors of rank (1, 0) are just
supervector fields and tensors of rank (0, 1) are supercovector fields (1-superforms). Moreover, Eq. (3.60)
and (3.61) imply
(∂Mr , ..., ∂M1) dz
N1 ⊗ ...⊗ dzNr = δN1M1 · ... · δ
Nr
Mr
, (3.64)
∂N1 ⊗ ...⊗ ∂Ns (dzMs , ...,dzM1) = δM1N1 · ... · δMsNs , (3.65)
thus a general tensor T of rank (s, r) can be written in terms of its components in the following way:
T = dzN1 ⊗ ...⊗ dzNrTNr...N1Nr+1...Nr+s∂Nr+s ⊗ ...⊗ ∂Nr+1 . (3.66)
With the following definition for conjugation of the (s, 0) and (0, r) tensors from Eq. (3.60) and (3.61),(
χs ⊗ ...⊗ χ1
)∗
:= (−1)∆s(χ)χs∗ ⊗ ...⊗ χ1∗ , (3.67)(
ω1 ⊗ ...⊗ ωr)∗ := (−1)∆r(ω)ω1∗ ⊗ ...⊗ ωr∗ , (3.68)
the conjugate of the general (s, r) tensor T form Eq. (3.66) has the form
T ∗ =
(
dzN1 ⊗ ...⊗ dzNrTNr ...N1Nr+1...Nr+s∂Nr+s ⊗ ...⊗ ∂Nr+1
)∗
= (−1)∆r+s(N)(−1)(T+N1+...+Nr+s)(N1+...+Nr+s)
dzN1
∗ ⊗ ...⊗ dzNr∗(TNr ...N1Nr+1...Nr+s)∗∂∗Nr+s ⊗ ...⊗ ∂∗Nr+1
= (−1)∆r+s(N)+T (N1+...+Nr+s)
dzN1 ⊗ ...⊗ dzNr(TN˙r...N˙1N˙r+1...N˙r+s)∗∂Nr+s ⊗ ...⊗ ∂Nr+1 .
(3.69)
Thus, the components of T ∗ are given by
T ∗Nr...N1
Nr+1...Nr+s = (−1)∆r+s(N)+T (N1+...+Nr+s)(TN˙r ...N˙1N˙r+1...N˙r+s)∗ . (3.70)
The tensor T is called real, if T = T ∗, or in terms of the components:
TNr ...N1
Nr+1...Nr+s = T ∗Nr ...N1
Nr+1...Nr+s . (3.71)
Since in the calculations above only the standard basis properties of dzM and ∂M are used, all the
equations can be written in terms of EA and EA as well, without changing their form. For example,
with respect to that basis the tensor components are given by
TAr...A1
Ar+1...Ar+s := (EAr , ..., EA1)T (E
Ar+1 , ..., EAr+s) , (3.72)
and the tensor is written as
T = EA1 ⊗ ...⊗ EArTAr...A1Ar+1...Ar+sEAr+s ⊗ ...⊗ EAr+1 . (3.73)
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Furthermore, the components of the conjugate tensor are given by
T ∗Ar ...A1
Ar+1...Ar+s = (−1)∆r+s(A)+T (A1+...+Ar+s)(TA˙r ...A˙1A˙r+1...A˙r+s)∗ . (3.74)
The tensor components in the two different bases are related as follows:
TAr ...A1
B1...Bs = (−1)∆r(A)+∆r(M,A)(−1)∆s(B)+∆r(N,B)EA1M1 ... EArMrTMr...M1N1...NsENsBs ... EN1B1 ,
(3.75)
TMr...M1
N1...Ns = (−1)∆r(M)+∆r(A,M)(−1)∆s(N)+∆r(B,N)EM1A1 ... EMrArTAr ...A1B1...BsEBsNs ... EB1N1 .
(3.76)
3.2.1 Superforms
A special type of (0, p)-tensors are p-superforms. They are constructed from 1-superforms, which are
just supercovector fields, by means of the wedge product. The wedge product of p pure 1-superforms
ω1, ..., ωp is defined by
ω1 ∧ ... ∧ ωp :=
∑
σ∈Sp
sign(σ) (−1)σ(ω)ωσ(1) ⊗ ...⊗ ωσ(p) , (3.77)
with the permutations σ ∈ Sp, and where σ(ω) is the number of sign changes (mod 2) that occur when
ωσ(1)⊗ ...⊗ωσ(p) is brought back to the form ω1⊗ ...⊗ωp, by taking into account the Grassmann parity
of the ωi. For example, the wedge product of two and three basis elements dzM is respectively given by
dzM1 ∧ dzM2 = dzM1 ⊗ dzM2 − (−1)M2M1dzM2 ⊗ dzM1 , (3.78)
dzM1 ∧ dzM2 ∧ dzM3 = dzM1 ⊗ dzM2 ⊗ dzM3
− (−1)M3M2dzM1 ⊗ dzM3 ⊗ dzM2
− (−1)M2M1dzM2 ⊗ dzM1 ⊗ dzM3
+ (−1)(M3+M2)M1dzM2 ⊗ dzM3 ⊗ dzM1
+ (−1)M3(M2+M1)dzM3 ⊗ dzM1 ⊗ dzM2
− (−1)M3(M2+M1)+M2M1dzM3 ⊗ dzM2 ⊗ dzM1 .
(3.79)
A general p-superform ω is written as
ω =
1
p!
dzM1 ∧ ... ∧ dzMpωMp...M1 , (3.80)
where the components have the symmetry
ωMp...MiMi+1...M1 = −(−1)Mi+1MiωMp...Mi+1Mi...M1 , (3.81)
for two adjacent indicesMi andMi+1. For example, the components of a 2-superform have the symmetry
ωM1M2 = −(−1)M2M1ωM2M1 . (3.82)
As for general (0, p)-tensors, the components of ω are calculated by
ωMp...M1 = (∂Mp , ..., ∂M1)ω , (3.83)
and the components of the conjugated p-superform ω∗ read
ω∗Np...N1 = (−1)∆p(N)+ω(N1+...+Np)(ωN˙p...N˙1)∗ . (3.84)
16
Let ω be a p-superform and τ a q-superform, both pure. Using Eq. (3.80) to express superforms, the
following symmetry property of the wedge product is derived:
ω ∧ τ =
( 1
p!
dzM1 ∧ ... ∧ dzMpωMp...M1
)
∧
( 1
q!
dzN1 ∧ ... ∧ dzNqτNq ...N1
)
=
1
p!q!
(−1)τ(ω+M1+...+Mp)dzM1 ∧ ... ∧ dzMp ∧ dzN1 ∧ ... ∧ dzNqτNq...N1ωMp...M1
= (−1)pq+ωτ τ ∧ ω .
(3.85)
3.2.2 Exterior derivative
The exterior derivative d is an even derivative of degree 1 which maps p-superforms onto (p + 1)-
superforms. It has the following properties
d(ωc) = (dω)c , d(ω + ω′) = dω + dω′ , (3.86)
d(ω ∧ τ) = ω ∧ dτ + (−1)qdω ∧ τ , (3.87)
d ◦ d = 0 , (3.88)
where ω and ω′ are p-superforms and τ is a q-superform, and where c is a supernumber, all pure.
Note that superfields are considered as 0-superforms. The identity in Eq. (3.87) is called Leibniz rule.
The exterior derivative is uniquely defined by Eqs. (3.86)–(3.88) and the statement that dΦ is just the
ordinary differential when Φ is 0-superform. Furthermore, d is a real operator, i.e.
(dω)∗ = dω∗ . (3.89)
With the notation d = dzN∂N it is straightforward to calculate the components of the (p+1)-superform
dω,
dω =
1
p!
dzM1 ∧ ... ∧ dzMp ∧ dzN∂NωMp...M1 ,
=
1
(p+ 1)!
dzM1 ∧ ... ∧ dzMp+1
p+1∑
r=1
sign(σr) (−1)σr(M)∂Mσr(p+1)ωMσr(p)...Mσr(1) ,
(3.90)
with the transposition σr = (p+1, r), and where σr(M) is the number of sign changes (mod 2) that occur
when Mσr(p+1)...Mσr(1) is brought back to the form Mp+1...M1, by taking into account the Grassmann
parity of the Mi. For example, the exterior derivative of a 1-superform ω and a 2-superform τ is
respectively given by
dω =
1
2
dzM1 ∧ dzM2(∂M2ωM1 − (−1)M2M1∂M1ωM2) , (3.91)
dτ =
1
6
dzM1 ∧ dzM2 ∧ dzM3(∂M3τM2M1 − (−1)M3M2∂M2τM3M1 − (−1)M3(M2+M1)+M2M1∂M1τM2M3) .
(3.92)
Since, in contrast to d(dzM ) = 0, the exterior derivative of the supervielbein does not vanish in general,
dEA = dzM ∧ dEMA = 1
2
dzM ∧ dzN (∂NEMA − (−1)MN∂MENA) , (3.93)
the formula for the components of dω in Eq. (3.90) is not valid in the basis EA.
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3.2.3 Interior product
For a pure supervector field ξ the interior product ιξ is defined. It is a derivative of degree −1 and it
maps p-superforms onto (p− 1)-superforms, with the properties
ιξ(ωΦ) = (−1)ξΦ(ιξω)Φ , ιξ(ω + ω′) = ιξω + ιξω′ , (3.94)
ιξ(ω ∧ τ) = ω ∧ ιξτ + (−1)q+ξτ ιξω ∧ τ , (3.95)
where ω, ω′ and τ are the same objects as above, and Φ is a pure superfield. Using the identity
ιξdz
M = (−1)ξM ξM , (3.96)
the interior product of a pure p-superform ω is given by
ιξω = (−1)ξ(ω+M1+...+Mp−1) 1
(p − 1)!dz
M1 ∧ ... ∧ dzMp−1ξMpωMp...M1 . (3.97)
This is consistent with the following definition of the interior product
(χp−1, ..., χ1)ιξω := (−1)ξ(ω+χ1+...+χp−1)(ξ, χp−1, ..., χ1)ω , (3.98)
where the χi are supervector fields. Note that the interior product of a 0-form vanishes, i.e. ιχΦ = 0.
The conjugate of the interior product is given by
(ιξω)
∗ = (−1)ξωιξ∗ω∗ . (3.99)
Furthermore, with the identity
ιξE
A = (−1)ξAξA , (3.100)
Eq. (3.97) has the same form with respect to the basis EA:
ιξω = (−1)ξ(ω+A1+...+Ap−1) 1
(p− 1)!E
A1 ∧ ... ∧ EAp−1ξApωAp...A1 . (3.101)
Note, for the pure supervector fields ξ1 and ξ2 the following identity applies:
ιξ1ιξ2 + (−1)ξ1ξ2ιξ2ιξ1 = 0 . (3.102)
3.2.4 Lie derivative
The Lie derivative Lξ along a pure supervector field ξ acting on a pure superform ω can be expressed in
terms of the exterior derivative d and the interior product ιξ, according to Cartan’s formula:
Lξω := ιξdω + dιξω . (3.103)
In particular, the Lie derivatives of a superfield Φ and of the 1-superform dzM have the simple forms
LξΦ = ιξdΦ = (−1)ξΦξM∂MΦ , (3.104)
Lξdz
M = dιξdz
M = (−1)ξMdξM . (3.105)
The conjugation property of the Lie derivative follows directly from Eq. (3.89) and (3.99):
(Lξω)
∗ = (−1)ξωLξ∗ω∗ . (3.106)
If ω is a pure p-superform and τ a pure q-superform, then, according to Eq. (3.87) and (3.95), the Lie
derivative of their wedge product is given by
Lξ(ω ∧ τ) = ω ∧ Lξτ + (−1)ξτLξω ∧ τ . (3.107)
18
According to Eq. (3.104), (3.105) and (3.107) the Lie derivative of the supervielbein EA is calculated as
follows:
LξE
A = Lξ(dz
MEM
A)
= dzM (LξEM
A) + (−1)ξ(M+A)(LξdzM)EMA
= (−1)ξAdzM((−1)ξM ξN (∂NEMA) + (∂M ξN )ENA) .
(3.108)
Furthermore, the Lie derivative along ξ of a pure supervector field χ is defined as
Lξχ := (−1)ξχ(ξ, χ) = (−1)ξχ
(
ξχ− (−1)ξχχξ) , (3.109)
where (ξ, χ) is the supercommutator, whose components are given by
(ξ, χ)M = ξN (∂Nχ
M )− (−1)ξχχN (∂N ξM ) . (3.110)
In general, a straightforward calculation shows that for two pure supervector fields ξ1 and ξ2 the super-
commutator of the corresponding Lie derivatives is equal to the Lie derivative of the supercommutator
of these supervector fields, namely
(Lξ1 , Lξ2) = L(ξ1,ξ2) . (3.111)
Moreover, the supercommutator of an interior product and a Lie derivative is again an interior product:
(ιξ1 , Lξ2) = ι(ξ1,ξ2) . (3.112)
Note that the Lie derivative for general tensors is uniquely defined by Eq. (3.103) and (3.109), and the
requirement, that it obeys the Leibniz rule with respect to the tensor product. If the (infinitesimal)
supervector field ξ is real and c-type, its flow defines a (local) diffeomorphism of the superspace. The
Lie derivative Lξ then provides the infinitesimal action of this diffeomorphism on tensors (see e.g. [1]).
3.3 Structure group of U(1) superspace
Based on ordinary spacetime, the structure group in supergravity contains the Lorentz group SO(1, 3),
which acts simultaneously on the vectorial and on the spinorial components of the supervielbein. There
is the possibility to introduce beside the Lorentz group an additional group, usually called internal
group, which acts only on the spinorial components, since they do not have an analogue in ordinary
spacetime. In U(1) superspace the additional group is the group U(1), and the structure group is given
by the direct product SO(1, 3) × U(1). This extra U(1) is used to formulate Ka¨hler superspace (UK(1)
superspace), which is the appropriate framework to describe the coupling of matter to supergravity in
a geometric way for N = 1 supersymmetry. Ka¨hler superspace is obtained from U(1) superspace by a
suitable identification of the U(1) pre-potential and pre-gauge transformations with the Ka¨hler potential
and Ka¨hler transformations, respectively, which are functions of the matter superfields, as discussed in
Section 6.
• Lorentz group:
With respect to the Lorentz group, the vectorial components Ea of the supervielbein transform in
the 4-dimensional irreducible representation (12 ,
1
2), whereas the spinorial components E
α and Eα˙
transform in the 2-dimensional representations (12 , 0) and (0,
1
2), respectively. Thus, in the basis
EA = (Ea, Eα, Eα˙) the six basis elements Gde, with d, e ∈ {0, 1, 2, 3} and Ged = −Gde, of so(1, 3)
have the form
(Gde)B
A =

(Mde)b
a
(Sde)β
α
−(S†de)β˙ α˙

 , (3.113)
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which represents the reducible representation (12 ,
1
2) ⊕ (12 , 0) ⊕ (0, 12). Note that −S†de is the dual
conjugate representation of Sde. The basis elements Gde fulfil the commutation relations
[Gab, Gde] = −ηadGbe + ηaeGbd + ηbdGae − ηbeGad , (3.114)
which are realised by the particular set of matrices
(Mde)b
a = ηdbδ
a
e − ηebδad , (3.115)
(Sde)β
α = −(σde)βα , (3.116)
(S†de)
β˙
α˙ = +(σ¯de)
β˙
α˙ . (3.117)
A general element L ∈ so(1, 3) in the representation of Eq. (3.113) is written as
L =
1
2
KdeGde , (3.118)
and a general element Λ ∈ SO(1, 3) locally around the identity is given by
Λ = exp
(1
2
KdeGde
)
. (3.119)
In order to describe gauge transformations with respect to the Lorentz group, the coefficients Kde
are real, even superfields with Ked = −Kde. The action of the gauge transformation Λ on the
supervielbein is given by
EA 7→ EBΛBA =
(
EbΛb
a, EβΛβ
α, Eβ˙Λ
β˙
α˙
)
. (3.120)
The inverse supervielbein transforms in the dual representation of the supervielbein, namely:
EA 7→ (Λ−1)ABEB =
(
(Λ−1)a
b
Eb, (Λ
−1)α
β
Eβ, (Λ
−1)α˙β˙E
β˙
)
. (3.121)
For infinitesimal gauge transformations Λ ≈ 1+ L, Eq. (3.120) and (3.121) read
EA 7→ EA + EBLBA , (3.122)
EA 7→ EA − LABEB . (3.123)
In the basis of Eq. (3.113), the invariant metric ρBA with respect to Lorentz transformations has
the form
ρBA =

ηba ǫβα
ǫβ˙α˙

 . (3.124)
It is straightforward to check that
ΛB
DΛA
CρDC = ρBA , (3.125)
thus
ρACLC
DρDB = −LBA . (3.126)
Writing Mde, Sde and S
†
de, defined in Eq. (3.113), in terms of lower indices
(Mde)ba = ηac(Mde)b
c , (3.127)
(Sde)βα
(
= ǫαγ(Sde)β
γ , (3.128)
(S†de)β˙α˙
(
= ǫβ˙γ˙(S
†
de)
γ˙
α˙
, (3.129)
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they obey the relations
(Sde)βα
(
= +
1
2
(σbaǫ)βα(Mde)ba , (3.130)
(S†de)β˙α˙
(
= +
1
2
(ǫσ¯ba)β˙α˙(Mde)ba , (3.131)
(Mde)ba = −(ǫσba)βα(Sde)βα
(
− (σ¯baǫ)β˙α˙(S†de)β˙α˙
(
. (3.132)
and
(
(Mde)ba
)∗
= +(Mde)ba , (3.133)(
(Sde)βα
(
)∗
= +(S†de)β˙α˙
(
. (3.134)
Note that (Mde)ba is antisymmetric in b, a, whereas (Sde)βα
(
and (S†de)β˙α˙
(
are symmetric in β, α
and β˙, α˙ respectively. Plugging Eqs. (3.130)–(3.132) in Eq. (3.113), the following relations for the
components of Gde are obtained:
(Gde)βα
(
= +
1
2
(σbaǫ)βα(Gde)ba , (3.135)
(Gde)β˙α˙
(
= −1
2
(ǫσ¯ba)β˙α˙(Gde)ba , (3.136)
(Gde)ba = −(ǫσba)βα(Gde)βα
(
+ (σ¯baǫ)
β˙α˙(Gde)β˙α˙
(
, (3.137)
where the last equation can be written more efficiently by using spinor indices
(Gde)ββ˙ αα˙ = +2ǫβ˙α˙(Gde)βα
(
− 2ǫβα(Gde)β˙α˙
(
. (3.138)
Furthermore, according to Eq. (3.133) and (3.134) the conjugated components read
(
(Gde)ba
)∗
= +(Gde)ba , (3.139)(
(Gde)βα
(
)∗
= −(Gde)β˙α˙
(
, (3.140)
which can be summarized as
(
(Gde)B
A)∗ = (−1)B(Gde)B˙A˙ . (3.141)
Note that Eqs. (3.135)–(3.141) hold true for the components of a general element L ∈ so(1, 3) as
defined in Eq. (3.118).
• U(1) group:
A gauge transformation u with respect to the U(1) group is given by
u = exp(y) , (3.142)
where y is an imaginary, even superfield, i.e. y∗ = −y. The irreducible representations of U(1)
are classified by weights w ∈ Z. The U(1) factor of the structure group acts only on the spinorial
components of the supervielbein. In particular, the weights of the supervielbein components are
defined as
w(Ea) = 0 , w(Eα) = +1 , w(Eα˙) = −1 . (3.143)
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Since the inverse supervielbein transforms in the dual representation, its components have opposite
weights
w(Ea) = 0 , w(Eα) = −1 , w(Eα˙) = +1 . (3.144)
The action of an U(1) gauge transformation u on EA and EA is thus given by
EA 7→ uw(EA)EA = (Ea, uEα, u−1Eα˙) , (3.145)
EA 7→ uw(EA)EA = (Ea, u−1Eα, uEα˙) , (3.146)
and for an infinitesimal u ≈ 1 + y it reads
EA 7→ EA + w(EA) y EA , (3.147)
EA 7→ EA + w(EA) y EA . (3.148)
Generally speaking, under (infinitesimal) Lorentz transformations upper an lower Lorentz indices ()A
and ()A transform as
()A 7→ ()BΛBA , ()A 7→ ()A + ()BLBA , (3.149)
()A 7→ (Λ−1)AB()B , ()A 7→ ()A − LAB()B , (3.150)
which is consistent with lowering and raising the indices with the metric tensor ρBA and its inverse ρ
BA,
cf. Eq. (3.125). On the other hand, since ρBA and ρ
BA are inert under U(1) transformations, the weight
is not changed. In order that U(1) transformations are compatible with Lorentz transformations, the
U(1) weights of the components ()A must have the form
w(()A) =
(
w(()a), w(()α), w(()α˙)
)
=
(
w1, w2, w3
)
, (3.151)
where w1, w2, w3 ∈ Z. The same holds true for lower Lorentz indices. By definition, a tensor T of rank
(s, r), as defined in Section 3.2, does not transform under the structure group. Thus, the weights of the
components are given by
w(TAr ...A1
Ar+1...Ar+s) =
r∑
i=1
w(EAi) +
r+s∑
i=r+1
w(EAi) . (3.152)
Note that the superspace indices M do not transform under the structure group SO(1, 3) ×U(1).
• Superforms with a Lorentz index:
A particular type of objects, which is often used in the subsequent sections, are p-superforms
χA with a Lorentz index A and U(1) weight w(χA) =
(
w(χa), w(χα), w(χα˙)
)
. Although, in the
following discussion only the case of an upper index A is considered, the statements hold true for
a lower index with obvious adjustments. Written as a superform, χA reads
χA =
1
p!
EC1 ∧ ... ∧ ECpχCp...C1A , (3.153)
thus the U(1) weights of the components are given by
w
(
χCp...C1
A
)
= w(χA) +
p∑
i=1
w(ECi) . (3.154)
Under (infinitesimal) transformations of the structure group, χA transforms as
χA 7→ uw(χA)χBΛBA , χA 7→ χA + χBLBA + w(χA) y χA . (3.155)
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Note, if the weights of χA take the values w(χA) = w(EA), the object χA⊗EA represents a tensor
of rank (1, p). In particular, if χA is a 0-superform then a supervector field χAEA is represented.
Furthermore, by definition the supervielbein EA is a 1-superform with an upper Lorentz index
A. The corresponding (1, 1) tensor EA ⊗ EA is usually referred to as solder form or fundamental
1-form.
• Lorentz invariant superforms:
An other type of objects, which are often used in the following, are p-superforms ω which are
invariant under Lorentz transformations, but have a U(1) weight w(ω). In particular, if ω is a
0-superform, then a superfield is represented. The (infinitesimal) transformations of ω under the
U(1) group is given by
ω 7→ gw(ω)ω , ω 7→ ω + w(ω) y ω . (3.156)
3.3.1 Lorentz and U(1) connection
• Lorentz connection:
The Lorentz connection Ω is an even 1-superform which takes values in the Lie algebra of the
Lorentz group:
Ω = dzMΩM = E
CΩC , with ΩC =
1
2
Ω˜C
deGde . (3.157)
The basis elements Gde of so(1, 3) are defined in Eq. (3.113) and the 1-superforms Ω˜
de = ECΩ˜C
de
are real. The Lorentz indices are explicitly written as
ΩB
A = ECΩCB
A , with ΩCB
A =
1
2
Ω˜C
de(Gde)B
A , (3.158)
which shows that ΩCB
A inherits the block diagonal structure of (Gde)B
A, i.e.
ΩCB
A =


ΩCb
a
ΩCβ
α
Ω β˙C α˙

 . (3.159)
Thus, according to Eq. (3.126) the Lorentz connection fulfils the identity
ρACΩC
DρDB = −ΩBA . (3.160)
From Eqs. (3.135)–(3.138) the following relations can be read off:
ΩCβα
(
= +
1
2
(σbaǫ)βαΩCba , (3.161)
ΩCβ˙α˙
(
= −1
2
(ǫσ¯ba)β˙α˙ΩCba , (3.162)
ΩCba = −(ǫσba)βαΩCβα
(
+ (σ¯baǫ)
β˙α˙ΩCβ˙α˙
(
, (3.163)
ΩC ββ˙ αα˙ = +2ǫβ˙α˙ΩCβα
(
− 2ǫβαΩCβ˙α˙
(
. (3.164)
Furthermore, from Eqs. (3.139)–(3.141) follows
(
ΩCba
)∗
= +ΩC˙ba , (3.165)(
ΩCβα
(
)∗
= −ΩC˙β˙α˙
(
, (3.166)
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and
(ΩB
A)∗ = (−1)BΩB˙A˙ , (ΩCBA)∗ = (−1)BΩC˙B˙A˙ , (3.167)
where (Ω˜de)∗ = Ω˜de is used. The Lorentz connection is inert under U(1) transformations, i.e.
w(ΩB
A) = 0. Under Lorentz transformations Λ, as defined in Eq. (3.119), ΩB
A transforms as
ΩB
A 7→ (Λ−1)BD
(
ΩD
CΛC
A − dΛDC
)
. (3.168)
For infinitesimal transformations Λ ≈ 1 + L this reads
ΩB
A 7→ ΩBA + [Ω, L]BA − dLBA , (3.169)
with the commutator [Ω, L]B
A = ΩB
CLC
A − LBCΩCA.
• U(1) connection:
The U(1) connection A is an even 1-superform which takes values in the Lie algebra u(1). Thus,
the components are written as
A = dzMAM = E
AAA , (3.170)
and A is imaginary:
A∗ = −A , (AA)∗ = −AA˙ . (3.171)
The U(1) connection is a singlet with respect to SO(1, 3). Under U(1) transformations, as defined
in Eq. (3.142), A transforms as
A 7→ u−1Au− u−1du = A− u−1du , (3.172)
which takes the following form
A 7→ A− dy , (3.173)
for infinitesimal transformations u ≈ 1 + y.
3.3.2 Covariant derivative
• Superforms with a Lorentz index:
Consider a p-superform χA with an upper Lorentz index and U(1) weight w(χA). The covariant
derivative D, with respect to the Lorentz and the U(1) connection, maps χA onto a (q+1)-superform
with the same Lorentz index and U(1) weight. Motivated by the transformation properties of χA
under gauge transformations in Eq. (3.155), the covariant derivative is defined as follows
DχA = dχA + χC ∧ ΩCA + w(χA)χA ∧A . (3.174)
By taking into account Eq. (3.155) and (3.168), it is straightforward to check that the components
DχA transforms the same way as χA under gauge transformations, namely
DχA 7→ uw(χA)DχBΛBA . (3.175)
Using the identity
dχA =
1
p!
EC1 ∧ ... ∧ ECp ∧ dχCp...C1A +
1
p!
p∑
i=1
(−1)p−iEC1 ∧ ... ∧ dECi ... ∧ ECpχCp...C1A , (3.176)
24
the covariant derivative DχA can also be written in the form
DχA = 1
p!
EC1 ∧ ... ∧ ECp ∧ DχCp...C1A +
1
p!
p∑
i=1
(−1)p−iEC1 ∧ ... ∧ DECi ... ∧ ECpχCp...C1A
=
1
p!
EC1 ∧ ... ∧ ECp ∧ DχCp...C1A +
1
(p− 1)!E
C1 ∧ ... ∧ECp−1 ∧ DECpχCp...C1A ,
(3.177)
with
DχCp...C1A = dχCp...C1A −
p∑
i=1
ΩCi
BiχCp...Bi...C1
A + χCp...C1
BΩB
A + w(χCp...C1
A)χCp...C1
AA .
(3.178)
Note, a change of the height of an index is consistent with the identity in Eq. (3.160) for the Lorentz
connection. For example, according to Eq. (3.174) the covariant derivative of χA = ρABχ
B is given
by
DχA = dχA − χC ∧ ΩAC + w(χA)χA ∧A , (3.179)
where w(χA) = w(χ
A).
• Lorentz invariant superforms:
For a Lorentz invariant p-superform ω with U(1) weight w(ω) the covariant derivative maps ω onto
a (p + 1)-superform with the same weight and is given by
Dω = dω + w(ω)ω ∧A . (3.180)
It is straightforward to check that Dω transforms the same way under the U(1) group as ω, namely
Dω 7→ uDω . (3.181)
Like the exterior derivative, the covariant derivative is an even derivative of degree 1. As such, it is
linear and obeys the Leibniz rule (see Eq. (3.86) and (3.87)), but in general DD 6= 0 as discussed in
Section 3.3.3. For example, for the p-superform χA and the q-superform ξB , both with an upper Lorentz
index, the covariant derivative of their wedge product χA ∧ ξB is given by
D(χA ∧ ξB) = d(χA ∧ ξB) + χC ∧ ξB ∧ ΩCA + χA ∧ ξC ∧ΩCB
+
(
w(χA) + w(ξB)
)
χA ∧ ξB ∧A
= χA ∧ (dξB + ξC ∧ ΩCB + w(ξB)ξB ∧A)
+ (−1)q(dχA + χC ∧ ΩCA + w(χA)χA ∧A) ∧ ξB
= χA ∧ DξB + (−1)qDχA ∧ ξB .
(3.182)
Furthermore, for the Lorentz invariant p-superform ω and q-superform τ with U(1) weights w(ω) and
w(τ), respectively, a similar calculation shows
D(ω ∧ ξB) = Dω ∧ ξB + (−1)qω ∧ DξB , (3.183)
D(ω ∧ τ) = Dω ∧ τ + (−1)qω ∧Dτ . (3.184)
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3.3.3 Torsion tensor, Lorentz curvature and U(1) field strength
The structure equations with respect to the structure group SO(1, 3) ×U(1) are given by
TA := DEA = dEA +EB ∧ ΩBA + w(EA)EA ∧A , (3.185)
RB
A := dΩB
A +ΩB
C ∧ ΩCA , (3.186)
F := dA , (3.187)
where TA is the torsion tensor, RB
A the Lorentz curvature tensor and F the U(1) field strength. Written
as 2-superforms, they have the form
TA =
1
2
EB ∧ ECTCBA , (3.188)
RB
A =
1
2
EC ∧ EDRDCBA , (3.189)
F =
1
2
EC ∧ EDFDC . (3.190)
• Torsion tensor
According to Eq. (3.82), the components of the torsion tensor have the following symmetry property
TBC
A = −(−1)CBTCBA . (3.191)
From the definition of the torsion tensor in Eq. (3.185) follows that the U(1) weight of TA and
TCB
A is given by
w(TA) = w(EA) , w(TCB
A) = w(EC) + w(EB) + w(E
A) . (3.192)
Furthermore, under conjugation TA transforms as
(TA)∗ = (DEA)∗
= dEA˙ + (−1)BEB˙ ∧ ΩB˙A˙ − w(EA)EA˙ ∧A
= dEA˙ +EB ∧ΩBA˙ + w(EA˙)EA˙ ∧A
= DEA˙ = T A˙ ,
(3.193)
where Eq. (3.167) and (3.171) are used for the conjugation of the Lorentz and the U(1) connection,
respectively. By taking into account the Grassmann parity ǫ(TA) = ǫ(EA), Eq. (3.74) and (3.193)
imply that the conjugation of the components is given by
(TCB
A)∗ = (−1)CB+CA+BATC˙B˙A˙ . (3.194)
• Lorentz curvature tensor
The Lorentz curvature tensor is an so(1, 3)-valued 2-superform and it inherits the block diagonal
structure from the Lorentz connection:
RDCB
A =


RDCb
a
RDCβ
α
R β˙DC α˙

 . (3.195)
According to Eq. (3.186) the components of the Lorentz curvature have the explicit form
RDCB
A = DDΩCBA − (−1)DCDCΩDBA + TDCFΩFBA + (ΩD,ΩC)BA , (3.196)
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where ΩCB
A is considered as the component of a 1-superform in the covariant derivative, namely
DDΩCBA = DDΩCBA − ΩDCFΩFBA − w(EC)ADΩCBA , (3.197)
using the notation D = EDDD and d = EDDD. Moreover, the components have the following
symmetry properties:
RCDBA = −(−1)DCRDCBA , (3.198)
RDCAB = −(−1)BRDCBA . (3.199)
From the identities for the components of the Lorentz connection in Eqs. (3.161)–(3.167) follows
RDCβα
(
= +
1
2
(σbaǫ)βαRDCba , (3.200)
RDCβ˙α˙
(
= −1
2
(ǫσ¯ba)β˙α˙RDCba , (3.201)
RDCba = −(ǫσba)βαRDCβα
(
+ (σ¯baǫ)
β˙α˙RDCβ˙α˙
(
, (3.202)
RDC ββ˙ αα˙ = +2ǫβ˙α˙RDCβα
(
− 2ǫβαRDCβ˙α˙
(
, (3.203)
and (
RDCba
)∗
= +(−1)DCRD˙C˙ba , (3.204)(
RDCβα
(
)∗
= −(−1)DCRD˙C˙β˙α˙
(
, (3.205)
(RDCB
A)∗ = (−1)DC+BRD˙C˙B˙A˙ . (3.206)
Furthermore, from Eq. (3.168) and (3.169) follows that under (infinitesimal) transformations of
the Lorentz group RB
A transforms as
RB
A 7→ (Λ−1)BDRDCΛCA , (3.207)
RB
A 7→ RBA + [R,L]BA , (3.208)
namely in the adjoint representation of SO(1, 3). The U(1) weights of RB
A and RDCB
A have the
values
w(RB
A) = 0 , w(RDCB
A) = w(ED) + w(EC) . (3.209)
• U(1) field strength
Like the torsion and the Lorentz curvature tensor, the U(1) field strength F is a 2-superform, thus
FCD = −(−1)DCFDC , (3.210)
and according to Eq. (3.187) the components have the explicit form
FDC = DDAC − (−1)DCDCAD + TDCFAF , (3.211)
where the covariant derivative is given by
DDAC = DDAC − ΩDCFAF − w(EC)ADAC . (3.212)
Since the U(1) connection A is imaginary, according to the definition in Eq. (3.187) F is imaginary
too:
F ∗ = −F , (FDC)∗ = −(−1)DCFD˙C˙ . (3.213)
Eq. (3.172) indicates, that F is a singlet under the U(1) group, i.e. it transforms in the adjoint
representation of U(1), thus
w(F ) = 0 , w(FDC) = w(ED) + w(EC) . (3.214)
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A general result from the two structure equations Eq. (3.186) and (3.187) is that a double covariant
derivative DD is equal to the sum of the Lorentz curvature tensor and the U(1) field strength. For
example, for the p-superform χA an explicit calculation shows
DDχA = dDχA +DχC ∧ ΩCA + w(χA)DχA ∧A
= ddχA + d(χC ∧ ΩCA) + w(χA)d(χA ∧A)
+ dχC ∧ ΩCA + χB ∧ ΩBC ∧ ΩCA + w(χC)χC ∧A ∧ΩCA
+ w(χA)
(
dχA ∧A+ χC ∧ ΩCA ∧A+ w(χA)χA ∧A ∧A
)
= χC ∧ (dΩCA +ΩCB ∧ ΩBA) + w(χA)χA ∧ dA
= χC ∧RCA + w(χA)χA ∧ F
= χC ∧ (RCA + w(χA)FδAC) ,
(3.215)
where w(DχA) = w(χA) and A ∧A = 0 is used. On the other hand, if χA is a 0-superform, Eq. (3.215)
can also be evaluated as
DDχA = D(EBDBχA)
= EB ∧ ECDCDBχA + TBDBχA
=
1
2
EB ∧ EC((DC ,DB)χA + TCBFDFχA) ,
(3.216)
which leads to the following expression for the components of the double covariant derivative of χA:
(DC ,DB)χA = −TCBFDFχA +RCBFAχF +w(χA)FCBχA , (3.217)
where (DC ,DB) = DCDB − (−1)CBDBDC is the supercommutator. For a lower index A, Eq. (3.217)
reads
(DC ,DB)χA = −TCBFDFχA −RCBAFχF +w(χA)FCBχA . (3.218)
In addition, the double covariant derivative of a superform ω with U(1) weight w(ω) is given by
DDω = dDω + w(Φ)Dω ∧A
= ddω + w(ω) d(ω ∧A) + w(ω) dω ∧A+ w(ω)2ω ∧A ∧A
= w(ω)ω ∧ dA
= w(ω)ω ∧ F .
(3.219)
If ω is a 0-superform, the components of the double covariant derivative read
(DC ,DB)ω = −TCBFDFω + w(ω)FCBω . (3.220)
3.3.4 Bianchi identities
Taking the covariant derivative of the structure equation in Eq. (3.185) leads to the algebraic Bianchi
identity
DTA = DDEA = EB ∧RBA + w(EA)EA ∧ F . (3.221)
Since TA is a 2-superform, its covariant derivative has the form
DTA = 1
2
EB ∧ EC ∧DTCBA + EB ∧ TC ∧ TCBA
=
1
2
EB ∧ EC ∧ED(DDTCBA + TDCFTBFA) .
(3.222)
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Thus, in terms of components the algebraic Bianchi identity in Eq. (3.221) is written as:
∮
DCB
(DDTCBA + TDCFTFBA −RDCBA − ω(EA)FDCδAB) = 0 , (3.223)
where
∮
DCBDCB = DCB + (−1)D(C+B) CBD + (−1)(D+C)B BDC. Furthermore, the two differential
Bianchi identities are obtained by taking the covariant derivative of the structure equations in Eq. (3.186)
and (3.187), namely (suppressing the Lorentz indices)
DR = dR+ [R,Ω]
= ddΩ+ d(Ω ∧ Ω) + [dΩ,Ω] + [Ω ∧ Ω,Ω]
= Ω ∧ dΩ− dΩ ∧ Ω+ [dΩ,Ω]
= 0 ,
(3.224)
where [Ω ∧ Ω,Ω] = 0 is used, and
DF = dF = ddA = 0 . (3.225)
These identities state that the covariant derivative of the Lorentz curvature and of the U(1) field strength
vanishes. Note that R and F transform in the adjoint representation of SO(1, 3) and U(1), respectively.
In fact, Eq. (3.224) and (3.225) are not independent of the algebraic Bianchi identity. This can be seen
by taking the covariant derivative of Eq. (3.221):
0 = DDTA −D(EB ∧RBA)− w(EA)D(EA ∧ F )
= TB ∧RBA + w(EA)TA ∧ F − EB ∧ DRBA − TB ∧RBA
− w(EA)(EA ∧DF + TA ∧ F )
= −EB ∧ (DRBA + w(EA)DFδAB) ,
(3.226)
which implies
DRBA + w(EA)DFδAB = 0 . (3.227)
Since w(Ea) = 0 and the generators of the Lorentz group in the representations (1/2, 0) and (0, 1/2) are
traceless, both equations DRBA = 0 and DF = 0 are fulfilled separately. Thus, if the algebraic Bianchi
identity in Eq. (3.221) is satisfied, the differential Bianchi identities in Eq. (3.224) and (3.225) are au-
tomatically satisfied as well. In the following, the algebraic Bianchi identity is simply called Bianchi
identity, unless otherwise stated.
One of the most important implications of the Bianchi identity is, that in U(1) superspace the Lorentz
curvature R and the U(1) field strength F are completely determined by the torsion tensor TA, which is
also known as Dragon’s theorem (cf. [12]). This can explicitly be shown at the level of components by
writing Eq. (3.223) as
∮
DCB
(
RDCB
A + ω(EA)FDCδ
A
B
)
= ∆DCB
A , (3.228)
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where ∆DCB
A =
∮
DCB(DDTCBA + TDCFTFBA) just depends on the components of the torsion tensor.
The components of the Lorentz curvature tensor are obtained by choosing the following tuples of indices:
(D,C,B,A) = (δ, γ, b, a) : Rδγba = ∆δγba ,
(D,C,B,A) = (δ˙, γ˙, b, a) : Rδ˙γ˙ba = ∆δ˙γ˙ba ,
(D,C,B,A) = (δ, γ˙, b, a) : Rδγ˙ba = ∆δγ˙ba ,
(D,C,B,A) = (δ, c, b, a) : Rδcba =
1
2
(
∆δcba −∆δbac +∆δacb
)
,
(D,C,B,A) = (δ˙, c, b, a) : Rδ˙cba =
1
2
(
∆δ˙cba −∆δ˙bac +∆δ˙acb
)
,
(D,C,B,A) = (d, c, β, α) : Rdcβα
(
=
1
2
(
∆dcβα +∆dcαβ
)
,
(D,C,B,A) = (d, c, β˙, α˙) : Rdcβ˙α˙
(
=
1
2
(
∆dcβ˙α˙ +∆dcα˙β˙
)
,
(3.229)
where the remaining components are determined by the relations in Eqs. (3.200)–(3.202). In addition,
the components of the U(1) field strength are calculated by taking into account the above result for the
Lorentz curvature tensor:
(D,C,B,A) = (δ, γ, β˙, α˙) : Fδγ = +
1
2
∆δγα˙
α˙ ,
(D,C,B,A) = (δ˙, γ˙, β, α) : Fδ˙γ˙ = −
1
2
∆ α
δ˙γ˙ α
,
(D,C,B,A) = (δ, γ˙, β, α) : Fδγ˙ = −1
3
(
∆ αδγ˙ α −
1
2
(σda)δ
α
∆αγ˙da
)
,
(D,C,B,A) = (δ, c, β˙, α˙) : Fδc = +
1
2
∆δcα˙
α˙ ,
(D,C,B,A) = (δ˙, c, β, α) : Fδ˙c = −
1
2
∆ α
δ˙c α
,
(D,C,B,A) = (d, c, β, α) : Fdc = −1
2
∆ αdc α .
(3.230)
The identities in Eq. (3.229) and (3.230) prove that in U(1) superspace the Lorentz curvature tensor
and the U(1) field strength are completely determined by the torsion tensor.2 This property is not
present in ordinary spacetime, where the Riemann curvature and the torsion tensor are independent. In
general relativity, for example, the torsion is switched off without imposing a vanishing curvature. In
U(1) superspace the Lorentz curvature and the U(1) field strength are redundant and the torsion tensor
is the main object determining the geometry of superspace.
3.3.5 Chiral and antichiral superfields
In order to define chiral and antichiral superfields, the covariant derivative D is used, where D is covariant
with respect to all gauge transformations under which the superfield transforms. A superfield is called
chiral, if the component Dα˙ of the covariant derivative vanishes, and it is called antichiral, if the Dα
component vanishes. For example, for a superfield Φ, which is a singlet under SO(1, 3) and has U(1)
weight w(Φ), the chirality conditions read
Φ chiral ↔ Dα˙Φ = Dα˙Φ+ w(Φ)Aα˙Φ = 0 , (3.231)
Φ antichiral ↔ DαΦ = DαΦ+ w(Φ)AαΦ = 0 . (3.232)
2The feature that the Lorentz curvature tensor is completely determined by the torsion tensor holds true, if the structure
group is just SO(1, 3), without the extra U(1) factor.
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In addition, a superfield χB with an upper Lorentz index and U(1) weight w(χB) is chiral or antichiral,
if
χB chiral ↔ Dα˙χB = Dα˙χB +Ωα˙ BC χC + w(χB)Aα˙χB = 0 , (3.233)
χB antichiral ↔ DαχB = DαχB +ΩαCBχC + w(χB)AαχB = 0 . (3.234)
The definition of chiral and antichiral superfields by using the covariant derivative has the advantage
that it is compatible with gauge transformations. This property can be illustrated on the basis of
Eqs. (3.231)–(3.234), namely:
Φ, χB chiral: Φ, χB antichiral:
Dα˙(uw(Φ)Φ) = uw(Φ)(Dα˙Φ) = 0 , Dα(uw(Φ)Φ) = uw(Φ)(DαΦ) = 0 ,
Dα˙(uw(χB)χCΛCD) = uw(χB)(Dα˙χC)ΛCD = 0 , Dα(uw(χB)χCΛCD) = uw(χB)(DαχC)ΛCD = 0 .
(3.235)
In Section 5 matter superfields φk and φ¯k¯ will be introduced, which are singlets under the structure
group SO(1, 3)×U(1), but transform under a Yang-Mills gauge group G. The condition that φk is chiral
and φ¯k¯ antichiral is given by Dα˙φk = 0 and Dαφ¯k¯ = 0 respectively, where D is covariant with respect to
Yang-Mills transformations.
4 Solution of the Bianchi identity in U(1) superspace
4.1 Torsion Constraints
Although the supergeometrical formalism discussed in Section 3 it quite elegant, it turns out to be too
general to describe supergravity. A general superspace is specified by the supervielbein EA and the
Lorentz connection Ω, whose components are independent quantities. These are far too many degrees
of freedom to describe the fields in the supergravity multiplet. In principle, the same problem appears
in general relativity, where the primary objects are the vielbein ea and the spin connection ω. The
choice of a vanishing torsion tensor Tcb
a = 0 allows to express the spin connection uniquely in terms of
the vielbein, which contains the degrees of freedom of the graviton. To reduce the degrees of freedom
in superspace, it would be straightforward to use the same strategy by implementing the torsion-free
condition TCB
A = 0. However, this approach turns out to be problematic from two points of view. On
the one hand flat superspace can not be described by such a geometry, since Tγ
β˙a = −2i(σaǫ)γ β˙. On the
other hand Eq. (3.229) implies RDCB
A = 0, leading to a trivial geometry.
In superspace there is no general recipe to find proper torsion constraints to reduce the number of
degrees of freedom, and there is also no unique solution to this problem. However, once a set of con-
straints is chosen, the consistency and the implications can be studied by solving the Bianchi identity
in Eq. (3.223). It turns out, that distinct choices lead to geometries which describe either the minimal,
the non-minimal or the new minimal supergravity multiplet. In the following, the discussion is limited
to the case of the minimal supergravity multiplet. The explicit calculations in the subsequent sections
show that the following covariant torsion constraints are suitable to describe supergravity with a minimal
supergravity multiplet:
Tγβ
α = 0 ,
Tγβ
a = Tγ˙β˙
a = 0 ,
Tγβ˙
a = Tβ˙γ
a = 2iσa
γβ˙
,
Tγb
a = Tcβ
a = 0 ,
Tcb
a = 0 ,
(4.1)
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where α labels both α and α˙. Although there is no rigorous derivation for these constraints, beside
explicitly calculating their implications, some of the identities in Eq. (4.1) can be motivated by simple
arguments. As discussed later in Section 5, in superspace matter is described by chiral and antichiral
superfields φ and φ¯, which means Dα˙φ = 0 and Dαφ¯ = 0 respectively. Assuming that both superfields
are inert under U(1) transformations, Eq. (3.220) implies
0 = {Dγ˙ ,Dβ˙}φ = −T γ˙β˙aDaφ− T γ˙β˙αDαφ ,
0 = {Dβ ,Dα}φ¯ = −TγβaDaφ¯− Tγβα˙Dα˙φ¯ ,
(4.2)
which are solved by setting
T γ˙β˙a = 0 , T γ˙β˙α = 0 ,
Tγβ
a = 0 , Tγβα˙ = 0 .
(4.3)
In addition, consistency with flat superspace and general relativity suggests to demand
Tγ
β˙a = −2i(σaǫ)γβ˙ , Tcba = 0 . (4.4)
The identities in Eq. (4.3) are called representation preserving constraints, whereas all other constraints,
including the ones in Eq. (4.4), are referred to as conventional constraints.
4.2 Solution of the Bianchi identity
In this section, the Bianchi identity in U(1) superspace in Eq. (3.223) is solved, by taking account of the
torsion constraints listed in Eq. (4.1). For the sake a completeness, the two equations are stated here
again: the Bianchi identity reads∮
DCB
(DDTCBA + TDCFTFBA −RDCBA − ω(EA)FDCδAB) = 0 , (4.5)
where
∮
DCB DCB = DCB + (−1)D(C+B) CBD + (−1)(D+C)B BDC, and the set of covariant torsion
constraints is given by
Tγβ
α = 0 , (4.6)
Tγβ
a = Tγ˙β˙
a = 0 , (4.7)
Tγβ˙
a = Tβ˙γ
a = 2iσa
γβ˙
, (4.8)
Tγb
a = Tcβ
a = 0 , (4.9)
Tcb
a = 0 , (4.10)
where α labels both α and α˙. Identities for the components of the tensors are obtained from Eq. (4.5)
by substituting the superspace indices D,C,B,A with vector and spinor indices. There are the following
non-equivalent tuples of indices:
A = a : (D,C,B) = (d, c, b), (d, c, β), (d, γ, β), (d, γ, β˙), (δ, γ, β), (δ, γ, β˙)︸ ︷︷ ︸
trivial
A = α : (D,C,B) = (d, c, b), (d, c, β), (d, c, β˙), (d, γ, β), (d, γ, β˙), (d, γ˙, β˙),
(δ, γ, β), (δ, γ, β˙), (δ, γ˙, β˙), (δ˙, γ˙, β˙)︸ ︷︷ ︸
trivial
(4.11)
and the corresponding “conjugate tuples”, where all dotted indices are switched to undotted ones and vice
versa. The label ”trivial” indicates that the Bianchi identity is trivially satisfied for the corresponding
tuple of indices. Applying the torsion constraints given in Eqs. (4.6)–(4.10) and neglecting the trivial
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cases, the Bianchi identity of Eq. (4.5) delivers 13 pairs of equations, where in each pair the two equations
are the conjugate of each other:
(D,C,B,A) = (δ, γ, β, α) and (δ˙, γ˙, β˙, α˙) : (I)
(a) Rδγβ
α +Rβδγ
α +Rγβδ
α + Fδγδ
α
β + Fβδδ
α
γ + Fγβδ
α
δ = 0
(b) Rδ˙γ˙β˙
α˙ +Rβ˙δ˙γ˙
α˙ +Rγ˙β˙δ˙
α˙ + Fδ˙γ˙δ
α˙
β˙
+ Fβ˙δ˙δ
α˙
γ˙ + Fγ˙β˙δ
α˙
δ˙
= 0
(D,C,B,A) = (δ, γ˙, β, α) and (δ˙, γ, β˙, α˙) : (II)
(a) Rδγ˙β
α +Rγ˙βδ
α + Fδγ˙δ
α
β + Fγ˙βδ
α
δ = −2iσfδγ˙Tβfα − 2iσfβγ˙Tδf α
(b) Rδ˙γβ˙
α˙ +Rγβ˙δ˙
α˙ + Fδ˙γδ
α˙
β˙
+ Fγβ˙δ
α˙
δ˙
= −2iσf
γδ˙
Tβ˙f
α˙ − 2iσf
γβ˙
Tδ˙f
α˙
(D,C,B,A) = (δ, γ˙, β, α˙) and (δ˙, γ, β˙, α) : (III)
(a) Rβδγ˙
α˙ + Fβδδ
α˙
γ˙ = −2iσfδγ˙Tβf α˙ − 2iσfβγ˙Tδf α˙
(b) Rβ˙δ˙γ
α + Fβ˙δ˙δ
α
γ = −2iσfγδ˙Tβ˙f
α − 2iσf
γβ˙
Tδ˙f
α
(D,C,B,A) = (δ, γ, b, α) and (δ˙, γ˙, b, α˙) : (IV)
(a) Rδbγ
α +Rγbδ
α + Fδbδ
α
γ + Fγbδ
α
δ = −DγTδbα −DδTγbα
(b) Rδ˙bγ˙
α˙ +Rγ˙bδ˙
α˙ + Fδ˙bδ
α˙
γ˙ + Fγ˙bδ
α˙
δ˙
= −Dγ˙Tδ˙bα˙ −Dδ˙Tγ˙bα˙
(D,C,B,A) = (δ, γ˙, b, α˙) and (δ˙, γ, b, α) : (V)
(a) Rbδγ˙
α˙ + Fbδδ
α˙
γ˙ = DδTγ˙bα˙ +Dγ˙Tδbα˙ + 2iσfδγ˙Tfbα˙
(b) Rbδ˙γ
α + Fbδ˙δ
α
γ = Dδ˙Tγbα +DγTδ˙bα + 2iσfγδ˙Tfb
α
(D,C,B,A) = (δ˙, γ˙, b, α) and (δ, γ, b, α˙) : (VI)
(a) Dγ˙Tδ˙bα +Dδ˙Tγ˙bα = 0
(b) DγTδbα˙ +DδTγbα˙ = 0
(D,C,B,A) = (δ˙, c, β˙, a) and (δ, c, β, a) : (VII)
(a) Rβ˙δ˙c
a = −2iσa
ϕδ˙
Tβ˙c
ϕ − 2iσa
ϕβ˙
Tδ˙c
ϕ
(b) Rβδc
a = +2iσaδϕ˙Tβc
ϕ˙ + 2iσaβϕ˙Tδc
ϕ˙
(D,C,B,A) = (δ˙, c, β, a) and (δ, c, β˙, a) : (VIII)
(a) Rβδ˙c
a = −2iσa
ϕδ˙
Tβc
ϕ + 2iσaβϕ˙Tδ˙c
ϕ˙
(b) Rβ˙δc
a = +2iσaδϕ˙Tβ˙c
ϕ˙ − 2iσa
ϕβ˙
Tδc
ϕ
(D,C,B,A) = (d, γ˙, b, α˙) and (d, γ, b, α) : (IX)
(a) Rbdγ˙
α˙ + Fbdδ
α˙
γ˙ = DbTdγ˙ α˙ +DdTγ˙bα˙ +Dγ˙Tbdα˙ + Tdγ˙ϕTϕbα˙ + Tγ˙bϕTϕdα˙
(b) Rbdγ
α + Fbdδ
α
γ = DbTdγα +DdTγbα +DγTbdα + TdγϕTϕbα + TγbϕTϕdα
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(D,C,B,A) = (d, γ˙, b, α) and (d, γ, b, α˙) : (X)
(a) DbTdγ˙α +DdTγ˙bα +Dγ˙Tbdα + Tdγ˙ϕTϕbα + Tγ˙bϕTϕdα = 0
(b) DbTdγα˙ +DdTγbα˙ +DγTbdα˙ + TdγϕTϕbα˙ + TγbϕTϕdα˙ = 0
(D,C,B,A) = (d, c, β, a) and (d, c, β˙, a) : (XI)
(a) Rβdc
a +Rcβd
a = −2iσaβϕ˙Tdcϕ˙
(b) Rβ˙dc
a +Rcβ˙d
a = +2iσa
ϕβ˙
Tdc
ϕ
(D,C,B,A) = (d, c, b, α) and (d, c, b, α˙) : (XII)
(a) DbTdcα +DdTcbα +DcTbdα + TbdϕTϕcα + TdcϕTϕbα + TcbϕTϕdα = 0
(b) DbTdcα˙ +DdTcbα˙ +DcTbdα˙ + TbdϕTϕcα˙ + TdcϕTϕbα˙ + TcbϕTϕdα˙ = 0
(D,C,B,A) = (d, c, b, a) : (XIII)
(a) Rbdc
a +Rdcb
a +Rcbd
a = 0
The Lorentz curvature takes values in the vector and in the spinor representations of the Lie algebra of
the Lorentz group. Calculations are often much simpler if the vector components are expressed in terms
of the spinor components. According to Eq. (3.203), they are related in the following way
RDCb
a ↔ RDC ββ˙ αα˙ = 2ǫβ˙α˙RDCβα
(
− 2ǫβαRDCβ˙α˙
(
. (4.12)
In general, a vector index a is turned into a pair of spinor indices αα˙ via the contraction with the Pauli
matrix σaαα˙. The vector index a is restored again by contracting αα˙ with −12 σ¯α˙αa . Under conjugation
αα˙′ is treated as a vector index and is mapped to α′α˙, because the Pauli matrices are Hermitian. The
prime is written to explicitly distinguish the two spinor indices.
First, the identities which are linear and do not contain derivatives, namely (I), (II), (III), (VII), (VIII),
(XI) and (XIII), are solved.
• Identity (VII):
In (VIIa) it is convenient to express the vector indices in terms of spinor indices. The equation is
then written as
Rβ˙δ˙ γγ˙ αα˙ = 4i(ǫα˙β˙Tδ˙ γγ˙ α + ǫα˙δ˙Tβ˙ γγ˙ α) , (4.13)
and by applying Eq. (4.12), it reads
ǫγ˙α˙Rβ˙δ˙γα
(
− ǫγαRβ˙δ˙γ˙α˙
(
= 2i(ǫα˙β˙Tδ˙ γγ˙ α + ǫα˙δ˙Tβ˙ γγ˙ α) . (4.14)
The tensor Tδ˙ γγ˙ α can be decomposed into components with definite symmetry properties:
Tδ˙ γγ˙ α = ǫδ˙γ˙ǫγαT + ǫδ˙γ˙Tγα
(
+ ǫγαTδ˙γ˙
(
+ Tγα
(
δ˙γ˙
(
. (4.15)
The components are then determined by Eq. (4.14) using the symmetry properties of the different
terms. For example, if both sides of Eq. (4.14) are contracted with ǫαγǫα˙γ˙ , the Lorentz curvature
tensor drops out and it follows immediately that
Tδ˙γ˙
(
= 0 . (4.16)
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In a similar manner follows, by taking into account that Rβ˙δ˙γα
(
and Rβ˙δ˙γ˙α˙
(
are symmetric in β˙δ˙,
Tγα
(
= 0 , Tγα
(
δ˙γ˙
(
= 0 . (4.17)
Thus, only the first term in the decomposition of Eq. (4.15) remains:
Tδ˙ γγ˙ α = −2iǫδ˙γ˙ǫγαR , (4.18)
with the definition T = −2iR. With these identities, Eq. (4.14) implies
Rβ˙δ˙γα
(
= 0 , (4.19)
Rβ˙δ˙γ˙α˙
(
= 4(ǫδ˙α˙ǫβ˙γ˙ + ǫβ˙α˙ǫδ˙γ˙)R . (4.20)
In the same way, the identities
Tδ γγ˙ α˙ = −2iǫδγǫγ˙α˙R , (4.21)
Rβδγ˙α˙
(
= 0 , (4.22)
Rβδγα
(
= 4(ǫδαǫβγ + ǫβαǫδγ)R (4.23)
are derived from (VIIb). From Eq. (4.18) and (4.21) follows, by considering the conjugation
property of the torsion tensor components in Eq. (3.194), that the superfields R and R are the
conjugate of each other, i.e. R = R∗. Furthermore, their weights with respect to the U(1) group
are
w(R) = +2 , w(R) = −2 . (4.24)
It is straightforward to check that Eqs. (4.18)–(4.23) solve (VII).
• Identity (I) and (III):
Since the components of the torsion and the Lorentz curvature tensor which appear in (I) and
(III) are already specified by (VII), these two identities are solved if and only if the following
components of the U(1) field strength vanish:
Fδγ = 0 , (4.25)
Fδ˙γ˙ = 0 . (4.26)
• Identity (II) and (VIII):
In order to solve (II) and (VIII), again all vector indices are turned into spinor indices, and the
relation of Eq. (4.12) is used to express the components of the curvature tensor in (VIII). In terms
of components with definite symmetry properties the components of the torsion tensor are written
as
Tβ γγ˙ α = ǫβγTαγ˙ + ǫβαT˜γγ˙ + Tβγα
(
γ˙ , (4.27)
Tβ˙ γγ˙ α˙ = ǫβ˙γ˙Tα˙γ + ǫβ˙α˙T˜γ˙γ + Tβ˙γ˙α˙
(
γ . (4.28)
The identities (II) and (VIII) imply
Tβγα
(
γ˙ = 0 , Tβ˙γ˙α˙
(
γ = 0 , (4.29)
Tαγ˙ = Tγ˙α , T˜αγ˙ = T˜γ˙α , (4.30)
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which in addition leads to
Tβ γγ˙ α = +ǫβγTαγ˙ + ǫβαT˜γγ˙ , (4.31)
Tβ˙ γγ˙ α˙ = +ǫβ˙γ˙Tγα˙ + ǫβ˙α˙T˜γγ˙ , (4.32)
Rβδ˙γα
(
= −i(ǫβγTαδ˙ + ǫβαTγδ˙) , (4.33)
Rβδ˙γ˙α˙
(
= −i(ǫδ˙γ˙Tβα˙ + ǫδ˙α˙Tβγ˙) , (4.34)
Fδγ˙ = −i(Tδγ˙ − 2T˜δγ˙) . (4.35)
This is the general solution of (II) and (VIII). In order to reduce the degrees of freedom further,
the following additional restriction is assumed
Tαγ˙ = −T˜αγ˙ . (4.36)
Using the definition Tαγ˙ = −iGαγ˙ , the tensor components in Eqs. (4.31)–(4.35) are written as
Tβ γγ˙ α = iǫγαGβγ˙ , (4.37)
Tβ˙ γγ˙ α˙ = iǫγ˙α˙Gγβ˙ , (4.38)
Rβδ˙γα
(
= −ǫβαGγδ˙ − ǫβγGαδ˙ , (4.39)
Rδβ˙γ˙α˙
(
= −ǫβ˙α˙Gδγ˙ − ǫβ˙γ˙Gδα˙ , (4.40)
Fδγ˙ = −3Gδγ˙ . (4.41)
From Eq. (4.37) and (4.38) follows that (Gβγ˙)
∗ = Gγβ˙ . Furthermore, the U(1) weight of Gα˙γ
vanishes:
w(Gα˙γ) = 0 . (4.42)
• Identity (XI):
In (XIa), the component Rβdca is antisymmetric in βd, which are the two indices of the 2-form, and
also in ca, which are the two indices of the Lie algebra of the Lorentz group. Thus, the equation
implies
Rβdca = +i(σdβϕ˙Tca
ϕ˙ − σaβϕ˙Tdcϕ˙ − σcβϕ˙Tadϕ˙) . (4.43)
With this identity, (XIa) is solved. In the same way, (XIb) leads to
Rβ˙dca = −i(σdϕβ˙Tcaϕ − σaϕβ˙Tdcϕ − σcϕβ˙Tadϕ) . (4.44)
• Identity (XIII):
The identity (XIII) represents the first Bianchi identity of the Lorentz curvature tensor in ordinary
spacetime with the Levi-Civita connection. The general solution of this identity is derived by using
the spinor notation. In terms of components with definite symmetry properties, the components
of the Lorentz curvature tensor are written as
Rδδ˙ γγ˙ ββ˙ αα˙ =+ 4ǫδ˙γ˙ǫβ˙α˙χδγ
(
βα
(
− 4ǫδ˙γ˙ǫβαψδγ
(
β˙α˙
(
− 4ǫδγǫβ˙α˙ψδ˙γ˙
(
βα
(
+ 4ǫδγǫβαχδ˙γ˙
(
β˙α˙
(
.
(4.45)
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From (XIIIa) follows that
ψδ˙γ˙
(
βα
(
= ψβα
(
δ˙γ˙
(
, (4.46)
χαγβα = 3ǫγβχ , (4.47)
χα˙γ˙β˙α˙ = 3ǫγ˙β˙χ
† , (4.48)
χ = χ† , (4.49)
which leads to
Rδδ˙ γγ˙ ββ˙ αα˙ =+ 4ǫδ˙γ˙
(
ǫβ˙α˙χδγ
(
βα
(
− ǫβαψδγ
(
β˙α˙
(
)
+ 4ǫδγ
(
ǫβαχδ˙γ˙
(
β˙α˙
(
− ǫβ˙α˙ψβα
(
δ˙γ˙
(
)
,
(4.50)
and
χδγ
(
βα
(
= χδγβα(
+ (ǫδβǫγα + ǫδαǫγβ)χ , (4.51)
χδ˙γ˙
(
β˙α˙
(
= χδ˙γ˙β˙α˙(
+ (ǫδ˙β˙ǫγ˙α˙ + ǫδ˙α˙ǫγ˙β˙)χ . (4.52)
Note that χ is real. In addition, it is convenient for solving Eq. (IX) below to write (4.50) in the
following form, by using Eq. (4.12):
Rδδ˙ γγ˙ βα
(
= +2(ǫδ˙γ˙χδγ
(
βα
(
− ǫδγψβα
(
δ˙γ˙
(
) , (4.53)
Rδδ˙ γγ˙ β˙α˙
(
= −2(ǫδγχδ˙γ˙
(
β˙α˙
(
− ǫδ˙γ˙ψδγ
(
β˙α˙
(
) . (4.54)
In a next step (IV), (V) and (VI) are solved, which contain derivative terms but are still linear.
• Identity (VI):
The identity (VI) is solved if and only if
Dγ˙R = 0 , DγR = 0 , (4.55)
which means that R and R are a chiral and an antichiral superfield, respectively.
• Identity (IV) and (V):
To get the solutions of (IV) and (V), Eq. (4.43) and (4.44) are written in terms of spinor indices
ǫγ˙α˙Rβ δδ˙ γα
(
− ǫγαRβ δδ˙ γ˙α˙
(
= −i(ǫδβTγγ˙ αα˙ δ˙ − ǫαβTδδ˙ γγ˙ α˙ − ǫγβTαα˙ δδ˙ γ˙) , (4.56)
ǫγ˙α˙Rβ˙ δδ˙ γα
(
− ǫγαRβ˙ δδ˙ γ˙α˙
(
= +i(ǫδ˙β˙Tγγ˙ αα˙ δ − ǫα˙β˙Tδδ˙ γγ˙ α − ǫγ˙β˙Tαα˙ δδ˙ γ) , (4.57)
where Eq. (4.12) is used. In addition, the components of the torsion tensor appearing in these two
equations is written in terms of components with definite symmetry properties
Tγγ˙ αα˙ δ = 2ǫγ˙α˙Tγα
(
δ − 2ǫγαTγ˙α˙
(
δ , (4.58)
with the further decomposition
Tγα
(
δ =Wγαδ
(
+
1
3
(ǫδγSα + ǫδαSγ) , (4.59)
Tγ˙α˙
(
δ˙ =Wγ˙α˙δ˙
(
+
1
3
(ǫδ˙γ˙Sα˙ + ǫδ˙α˙Sγ˙) . (4.60)
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With these definitions, Eq. (4.56) and (4.57) imply
Rβ δδ˙ γα
(
= +i
∑
γα
(ǫβδTγα
(
δ˙ + ǫβαTδγ
(
δ˙ − ǫβγǫδαSδ˙) , (4.61)
Rβ δδ˙ γ˙α˙
(
= +4iǫβδWδ˙γ˙α˙
(
+ i
∑
γ˙α˙
ǫδ˙γ˙(Tβδ
(
α˙ +
1
3
ǫβδSα˙) , (4.62)
Rβ˙ δδ˙ γα
(
= −4iǫβ˙δ˙Wδγα( − i
∑
γα
ǫδγ(Tβ˙δ˙
(
α +
1
3
ǫβ˙δ˙Sα) , (4.63)
Rβ˙ δδ˙ γ˙α˙
(
= −i
∑
γ˙α˙
(ǫβ˙δ˙Tγ˙α˙
(
δ + ǫβ˙α˙Tδ˙γ˙
(
δ − ǫβ˙γ˙ǫδ˙α˙Sδ) . (4.64)
Using these identities, (IV) and (V) are solved if and only if the following quantities are expressed
in terms of derivatives of the superfields R, R and Gαα˙:
Tδβ
(
β˙ = +
1
4
(DδGββ˙ +DβGδβ˙) , (4.65)
Tδ˙β˙
(
β = −
1
4
(Dδ˙Gββ˙ +Dβ˙Gβδ˙) , (4.66)
Sβ = +
1
4
Dβ˙Gββ˙ −DβR , (4.67)
Sβ˙ = −
1
4
DβGββ˙ +Dβ˙R , (4.68)
Fδ ββ˙ =
3i
2
DδGββ˙ + iǫδβXβ˙ , (4.69)
Fδ˙ ββ˙ =
3i
2
Dδ˙Gββ˙ + iǫδ˙β˙Xβ , (4.70)
with
Xβ = DβR−Dβ˙Gββ˙ , (4.71)
Xβ˙ = Dβ˙R−DβGββ˙ . (4.72)
From the definitions of Wγβα
(
and Wγ˙β˙α˙
(
in Eq. (4.59) and (4.60) follows that (Wγβα
(
)∗ = −Wγ˙β˙α˙
(
,
and the respective U(1) weights can be read off:
w(Wγβα
(
) = +1 , w(Wγ˙β˙α˙
(
) = −1 . (4.73)
The remaining, non-linear identities are (IX), (X) and (XII). In the derivation of the solution of these
identities the following relations are used
{Dβ˙ ,Dβ}R = −2iDββ˙R− 6Gββ˙R , (4.74)
{Dβ ,Dβ˙}R = −2iDββ˙R− 6Gββ˙R , (4.75)
{Dβ,Dβ˙}Gαα˙ = −2iDββ˙Gαα˙ . (4.76)
They are derived from Eq. (3.218) and (3.220) by taking into account the chirality conditions of R and
R (see Eq. (4.55)), and the U(1) weights w(R) = +2, w(R) = −2 and w(Gαα˙) = 0.
• Identity (IX):
Since the two vector indices bd in the U(1) field strength Fbd in (IX) are antisymmetric, in spinor
notation the decomposition into components with definite symmetry properties is
Fββ˙ δδ˙ = 2ǫβ˙δ˙Fβδ
(
− 2ǫβδFβ˙δ˙
(
, (4.77)
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where the components are determined by (IX):
Fβδ
(
= +
1
8
∑
βδ
(DβDδ˙Gδδ˙ + 3iDβ δ˙Gδδ˙) , (4.78)
Fβ˙δ˙
(
= −1
8
∑
β˙δ˙
(Dβ˙DδGδδ˙ + 3iDδβ˙Gδδ˙) . (4.79)
In addition, the superfields which have been introduced in the solution of (XIII) (see Eq. (4.50))
are now expressed in terms of the superfields Wγβα
(
, Wγ˙β˙α˙
(
and Gαα˙, and their derivatives:
ψβδ
(
γ˙α˙
(
=
1
8
∑
γ˙α˙
∑
βδ
(
Gβα˙Gδγ˙ − 1
2
[Dβ ,Dα˙]Gδγ˙
)
, (4.80)
χβδγα(
=
1
4
(DβWδγα
(
+DδWγαβ
(
+DγWαβδ
(
+DαWβδγ
(
) , (4.81)
χβ˙δ˙γ˙α˙(
=
1
4
(Dβ˙Wδ˙γ˙α˙
(
+Dδ˙Wγ˙α˙β˙
(
+Dγ˙Wα˙β˙δ˙
(
+Dα˙Wβ˙δ˙γ˙
(
) , (4.82)
and
χ = − 1
12
(DβDβR+Dβ˙Dβ˙R) +
1
48
[Dβ,Dβ˙ ]Gββ˙ −
1
8
Gββ˙Gββ˙ + 2RR . (4.83)
The remaining identities, which are needed to solve (IX), are
DβDβR−Dβ˙Dβ˙R = −2iDββ˙Gββ˙ , (4.84)
and
DγWβδα
(
= χγβδα(
− 1
3
(ǫγβFδα
(
+ ǫγδFαβ
(
+ ǫγαFβδ
(
) , (4.85)
Dγ˙Wβ˙δ˙α˙
(
= χγ˙β˙δ˙α˙(
− 1
4
(ǫγ˙β˙Fδ˙α˙
(
+ ǫγ˙δ˙Fα˙β˙
(
+ ǫγ˙α˙Fβ˙δ˙
(
) . (4.86)
• Identity (X):
The identity (X) is solved by the chirality constraints
Dδ˙Wγβα( = 0 , DδWγ˙β˙α˙(
= 0 , (4.87)
Dβ˙Xα = 0 , DβXα˙ = 0 , (4.88)
and the relations
DϕDϕGαα˙ = +4iDαα˙R , (4.89)
Dϕ˙Dϕ˙Gαα˙ = −4iDαα˙R . (4.90)
• Identity (XII):
The identity (XII) implies derivative relations of the fields R, R, Ga, Wγβα
(
and Wγ˙β˙α˙
(
which are
not used in subsequent calculations.3
3Identity (XII) is the only identity which has the maximal mass dimension 5/2 (see Section 4.3 for the definition of the
mass dimension). Thus, the derivative relations of the superfields arising from this identity have also mass dimension 5/2.
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4.3 Summary of the tensor components and further relations
This section provides a summary of the identities in Section 4.2, which were obtained by solving the
Bianchi identity and taking account of the torsion constraints in Eq. (4.1).4 In particular, Section 4.3.1
and 4.3.2 provide a complete list of the components of the torsion tensor, the Lorentz curvature tensor
and of the U(1) field strength in U(1) superspace. They are ordered according to their mass dimension,
where T , RB
A and F have mass dimension zero and the mass dimension of the supervielbein and the
inverse supervielbein is given by [Ea] = −1, [Eα] = −12 and [Ea] = +1, [Eα] = +12 , respectively. It
turns out that all the components can be expressed in terms of the following few superfields and their
derivatives:
R , R , Ga , Wγβα
(
, Wγ˙β˙α˙
(
, (4.91)
where Ga in terms of spinor indices is written as Gαα˙ = σ
a
αα˙Ga. Furthermore, the following chirality
conditions apply
Dα˙R = 0 , DαR = 0 , (4.92)
Dδ˙Wγβα
(
= 0 , DδWγ˙β˙α˙
(
= 0 . (4.93)
According to the appearance of these superfields in the torsion tensor, their U(1) weights are given by
w(R) = +2 , w(R) = −2 , w(Ga) = 0 , (4.94)
w(Wγβα
(
) = +1 , w(Wγ˙β˙α˙
(
) = −1 , (4.95)
and they transform under conjugation as follows
R∗ = R , (Ga)
∗ = Ga , (Wγβα
(
)∗ = −Wγ˙β˙α˙
(
. (4.96)
In addition, in Section 4.3.3 the derivative relations of the components in U(1) superspace are listed.
Many results are written in vector and in spinor notation, since both forms are used in further calcula-
tions. Moreover, the shorthand notation α is used, which labels both α and α˙.
4.3.1 Torsion tensor components
Since the torsion tensor has two lower and one upper superspace index, the mass dimensions of the
components range from 0 to 32 .
• Dimension 0:
The components with dimension 0 are fixed by the torsion constraints in Eq. (4.7) and (4.8):
Tγβ
a = 0 , T γ˙β˙a = 0 , (4.97)
Tγ
β˙a = −2i(σaǫ)γ β˙ . (4.98)
• Dimension 12 :
According to the torsion constraints in Eq. (4.6) and (4.9), all components with dimension 12 vanish:
Tγβ
α = 0 , Tγb
a = 0 . (4.99)
4In fact, the additional constraints Tγ ββ˙ α ∝ ǫβα and Tγ˙ ββ˙ α˙ ∝ ǫβ˙α˙ are used in the solution of the Bianchi identity to
reduce the degrees of freedom (cf. Eq. (4.36)).
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• Dimension 1:
At dimension 1, the components are specified by the solution of the Bianchi identity in Eq. (4.18),
(4.21), (4.37) and (4.38), and by the torsion constraint in Eq. (4.10):
Tγb
α = +
i
2
(σcσ¯b)γ
αGc ↔ Tγ ββ˙ α = +iǫβαGγβ˙ , (4.100)
T γ˙ bα˙ = − i
2
(σ¯cσb)
γ˙
α˙G
c ↔ Tγ˙ ββ˙ α˙ = +iǫβ˙α˙Gβγ˙ , (4.101)
Tγbα˙ = −iσbγα˙R ↔ Tγ ββ˙ α˙ = −2iǫγβǫβ˙α˙R , (4.102)
T γ˙ αb = −iσ¯γ˙αb R ↔ Tγ˙ ββ˙ α = −2iǫγ˙β˙ǫβαR , (4.103)
Tcb
a = 0 ↔ Tγγ˙ ββ˙ αα˙ = 0 . (4.104)
• Dimension 32 :
The components with dimension 32 are conveniently written in spinor notation. In terms of com-
ponents with definite symmetry properties, they are written as
Tcb
α ↔ Tγγ˙ ββ˙ α = 2ǫγ˙β˙Tγβ
(
α − 2ǫγβTγ˙β˙
(
α , (4.105)
with
Tγβ
(
α =Wγβα
(
+
1
3
(ǫαγSβ + ǫαβSγ) , (4.106)
Tγ˙β˙
(
α˙ =Wγ˙β˙α˙
(
+
1
3
(ǫα˙γ˙Sβ˙ + ǫα˙β˙Sγ˙) . (4.107)
The particular components are calculated in Eq. (4.67) and (4.68),
Sβ = Tγβ
(
γ = +
1
4
Dβ˙Gββ˙ −DβR = +
1
2
Tcb
α(σcbǫ)αβ , (4.108)
Sβ˙ = Tγ˙β˙
(
γ˙ = −1
4
DβGββ˙ +Dβ˙R = +
1
2
Tcbα˙(σ¯
cb)α˙β˙ , (4.109)
and in Eq. (4.65) and (4.66),
Tγ˙β˙
(
α = −
1
4
(Dγ˙Gαβ˙ +Dβ˙Gαγ˙) , (4.110)
Tγβ
(
α˙ = +
1
4
(DγGβα˙ +DβGγα˙) . (4.111)
4.3.2 Lorentz curvature and U(1) field strength components
The Lorentz curvature tensor takes values in the Lie algebra of the Lorentz group. As stated in Eq. (4.12),
the vector components are expressed in terms of the spinor components as follows:
RDCb
a ↔ RDC ββ˙ αα˙ = 2ǫβ˙α˙RDCβα
(
− 2ǫβαRDCβ˙α˙
(
. (4.112)
Since the Lorentz curvature and the U(1) field strength are both 2-forms, the mass dimensions of their
components reach from 1 to 2.
• Dimension 1:
The components of the Lorentz curvature tensor with dimension 1 are calculated in Eq. (4.19),
(4.20), (4.22), (4.23), (4.39) and (4.40). Using vector indices they read
Rδγba = 8(σbaǫ)δγR , (4.113)
Rδ˙γ˙ ba = 8(σ¯baǫ)
δ˙γ˙R , (4.114)
R γ˙δ ba = 2iG
c(σdǫ)δ
γ˙
ǫdcba , (4.115)
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and in spinor notation they are written as
Rδγβα
(
= 4(ǫδβǫγα + ǫδαǫγβ)R , (4.116)
Rδγβ˙α˙
(
= 0 , (4.117)
Rδ˙γ˙βα
(
= 0 , (4.118)
Rδ˙γ˙β˙α˙
(
= 4(ǫδ˙β˙ǫγ˙α˙ + ǫδ˙α˙ǫγ˙β˙)R , (4.119)
Rδγ˙βα
(
= −ǫδβGαγ˙ − ǫδαGβγ˙ , (4.120)
Rδγ˙β˙α˙
(
= −ǫγ˙β˙Gδα˙ − ǫγ˙α˙Gδβ˙ . (4.121)
The components of the U(1) field strength are taken from Eq. (4.25), (4.26) and (4.41):
Fδγ = 0 , F
δ˙γ˙ = 0 , (4.122)
Fδ
γ˙ = 3(σaǫ)δ
γ˙Ga . (4.123)
• Dimension 32 :
According to Eq. (4.43) and (4.44), the components of the Lorentz curvature tensor with dimension
3
2 are expressed in terms of the torsion tensor as:
Rδcba = iσcδδ˙Tba
δ˙ − iσbδδ˙Tacδ˙ − iσaδδ˙Tcbδ˙ , (4.124)
Rδ˙cba = iσ¯
δ˙δ
c Tbaδ − iσ¯δ˙δb Tacδ − iσ¯δ˙δa Tcbδ , (4.125)
which takes the following form in spinor notation, as stated in Eqs. (4.61)–(4.64):
Rδ γγ˙ βα
(
= +i
∑
βα
(
ǫδγTβα
(
γ˙ + ǫδαTγβ
(
γ˙ − ǫδβǫγαSγ˙
)
, (4.126)
Rδ γγ˙ β˙α˙
(
= +4iǫδγWγ˙β˙α˙
(
+ i
∑
β˙α˙
ǫγ˙β˙
(
Tδγ
(
α˙ +
1
3
ǫδγSα˙
)
, (4.127)
Rδ˙ γγ˙ βα
(
= −4iǫδ˙γ˙Wγβα( − i
∑
βα
ǫγβ
(
Tδ˙γ˙
(
α +
1
3
ǫδ˙γ˙Sα
)
, (4.128)
Rδ˙ γγ˙ β˙α˙
(
= −i
∑
β˙α˙
(
ǫδ˙α˙Tγ˙β˙
(
γ + ǫδ˙γ˙Tβ˙α˙
(
γ − ǫδ˙β˙ǫγ˙α˙Sγ
)
. (4.129)
Plugging in the identities from Eqs. (4.65)–(4.68), the components of the Lorentz curvature are
finally written in terms of the superfields R, R and Ga:
Rδ γγ˙ βα
(
= +i
∑
βα
(1
2
ǫδγDβGαγ˙ + 1
2
ǫδβDγGαγ˙ − ǫδβǫγαDγ˙R
)
, (4.130)
Rδ γγ˙ β˙α˙
(
= +4iǫδγWγ˙β˙α˙
(
+ i
∑
β˙α˙
ǫγ˙α˙
(1
3
ǫδγXβ˙ +
1
2
DδGγβ˙
)
, (4.131)
Rδ˙ γγ˙ βα
(
= −4iǫδ˙γ˙Wγβα( + i
∑
βα
ǫγα
(1
3
ǫδ˙γ˙Xβ +
1
2
Dδ˙Gβγ˙
)
, (4.132)
Rδ˙ γγ˙ β˙α˙
(
= +i
∑
β˙α˙
(1
2
ǫδ˙γ˙Dβ˙Gγα˙ +
1
2
ǫδ˙β˙Dγ˙Gγα˙ − ǫδ˙β˙ǫγ˙α˙DγR
)
, (4.133)
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with the definition
Xβ = DβR−Dβ˙Gββ˙ , (4.134)
Xβ˙ = Dβ˙R−DβGββ˙ , (4.135)
where (Xβ)
∗ = Xβ˙ . The components of the U(1) field strength are calculated in Eq. (4.69) and
(4.70). In vector and in spinor notation they read
Fδc =
3i
2
DδGc + i
2
σcδδ˙X
δ˙ ↔ Fδ γγ˙ = 3i
2
DδGγγ˙ + iǫδγXγ˙ , (4.136)
F δ˙c =
3i
2
Dδ˙Gc − i
2
σ¯δ˙δc Xδ ↔ Fδ˙ γγ˙ =
3i
2
Dδ˙Gγγ˙ + iǫδ˙γ˙Xγ . (4.137)
• Dimension 2:
As in Eqs. (4.50)–(4.52), it is most convenient to write the components of the Lorentz curvature
tensor with dimension 2 in terms of spinor indices
Rδδ˙ γγ˙ ββ˙ αα˙ = 4ǫδ˙γ˙
(
ǫβ˙α˙χδγ
(
βα
(
− ǫβαψδγ
(
β˙α˙
(
)
+ 4ǫδγ
(
ǫβαχδ˙γ˙
(
β˙α˙
(
− ǫβ˙α˙ψβα
(
δ˙γ˙
(
)
, (4.138)
with
χδγ
(
βα
(
= χδγβα(
+ (ǫδβǫγα + ǫδαǫγβ)χ , (4.139)
χδ˙γ˙
(
β˙α˙
(
= χδ˙γ˙β˙α˙(
+ (ǫδ˙β˙ǫγ˙α˙ + ǫδ˙α˙ǫγ˙β˙)χ . (4.140)
According to Eqs. (4.80)–(4.83), the dependence on the basic superfields is
ψδγ
(
β˙α˙
(
=
1
8
∑
δγ
∑
β˙α˙
(
Gδβ˙Gγα˙ −
1
2
[Dδ,Dβ˙ ]Gγα˙
)
, (4.141)
χδγβα(
=
1
4
(DδWγβα
(
+DγWβαδ
(
+DβWαδγ
(
+DαWδγβ
(
) , (4.142)
χδ˙γ˙β˙α˙(
=
1
4
(Dδ˙Wγ˙β˙α˙
(
+Dγ˙Wβ˙α˙δ˙
(
+Dβ˙Wα˙δ˙γ˙
(
+Dα˙Wδ˙γ˙β˙
(
) , (4.143)
and
χ = − 1
12
(DαDαR+Dα˙Dα˙R) + 1
48
[Dα,Dα˙]Gαα˙ − 1
8
Gαα˙Gαα˙ + 2RR . (4.144)
Note that χ is real and it can also be written as
χ =
1
24
Rba
ba . (4.145)
In terms of components with definite symmetry properties, the components of the U(1) field
strength are written in spinor notion as
Fdc ↔ Fδδ˙ γγ˙ = 2ǫδ˙γ˙Fδγ
(
− 2ǫδγFδ˙γ˙
(
, (4.146)
were the two symmetric tensors are calculated in Eq. (4.78) and (4.79),
Fδγ
(
= +
1
8
∑
δγ
(DδDδ˙Gγδ˙ + 3iDδ δ˙Gγδ˙) , (4.147)
Fδ˙γ˙
(
= −1
8
∑
δ˙γ˙
(Dδ˙DδGδγ˙ + 3iDδδ˙Gδγ˙) . (4.148)
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4.3.3 Derivative relations
In this section the derivative relations of the component fields up to dimension 2, which follow from the
solution of the Bianchi identity, are listed. In addition, some reformulations of these identities are given,
which are conveniently used in further calculation.
Eq. (4.88) states the chirality conditions
Dβ˙Xα = 0 , DβXα˙ = 0 . (4.149)
Plugging in the definitions of Xα and X
α˙, the two relations
DαXα = Dα˙Xα˙ , (4.150)
D2R− D¯2R = 4iDaGa , (4.151)
with D2 = DαDα and D¯2 = Dα˙Dα˙, are equivalent and originate from Eq. (4.84). Furthermore, the
combination of Eq. (4.144) and (4.145) leads to
D2R+ D¯2R = −2
3
Rba
ba − 2
3
DαXα + 4GaGa + 32RR , (4.152)
and the relations in Eq. (4.89) and (4.90) are
D2Ga = +4iDaR , D¯2Ga = −4iDaR . (4.153)
Using the expressions of the different components, an explicit calculation delivers the relations
DαR = −1
3
Xα − 4
3
Sα , (4.154)
Dα˙R = −1
3
Xα˙ +
4
3
Sα˙ , (4.155)
and
DβGαα˙ = +2Tβα
(
α˙ +
2
3
ǫβαSα˙ − 2
3
ǫβαXα˙ , (4.156)
Dβ˙Gαα˙ = −2Tβ˙α˙
(
α −
2
3
ǫβ˙α˙Sα −
2
3
ǫβ˙α˙Xα . (4.157)
In addition, the commutator of mixed spinor derivatives applied on Gαα˙ takes the form
[Dβ ,Dβ˙ ]Gαα˙ =− 4ψβα
(
β˙α˙
(
+ 2Gββ˙Gαα˙ + 4(ǫβαFβ˙α˙
(
+ ǫβ˙α˙Fβα
(
)
+ 2iǫβαDϕβ˙Gϕα˙ − 2iǫβ˙α˙Dβϕ˙Gαϕ˙
+ ǫβαǫβ˙α˙
(
8RR+ 2GcGc − 2
3
DϕXϕ − 4χ
)
.
(4.158)
From Eq. (4.85) and (4.86) follows
DδWγβα
(
= χδγβα(
+
1
4
(
ǫδγDϕWϕβα
(
+ ǫδβDϕWϕαγ
(
+ ǫδαDϕWϕγβ
(
)
, (4.159)
Dδ˙Wγ˙β˙α˙
(
= χδ˙γ˙β˙α˙(
+
1
4
(
ǫδ˙γ˙Dϕ˙Wϕ˙β˙α˙
(
+ ǫδ˙β˙Dϕ˙Wϕ˙α˙γ˙( + ǫδ˙α˙D
ϕ˙Wϕ˙γ˙β˙
(
)
, (4.160)
and in combination with the identities in Eq. (4.78) and (4.79) they imply
DϕWϕβα
(
= −1
6
∑
βα
(DβDϕ˙Gαϕ˙ + 3iDβϕ˙Gαϕ˙) = −4
3
Fβα
(
, (4.161)
Dϕ˙Wϕ˙β˙α˙
(
= +
1
6
∑
β˙α˙
(Dβ˙DϕGϕα˙ + 3iDϕβ˙Gϕα˙) = −
4
3
Fβ˙α˙
(
. (4.162)
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4.4 Integration by parts
Having solved the Bianchi identity by taking into account the torsion constraints, it is convenient at
this point to discuss integration by parts in U(1) superspace, where the explicit expressions of the
torsion tensor components are used. Consider an even supervector field χ = χM∂M = χ
AEA. Since
in the following equation the integrand is a total derivative, the integral is equal to a surface term and
therefore vanishes: ∫
∗
(−1)M∂M (E χM ) = 0 , (4.163)
where
∫
∗
indicates integration over all coordinates zM . The integrand can be rewritten in the form
(−1)M∂M (E χM ) = (−1)M∂M (E χAEAM )
= (−1)M(∂ME χM + E ∂MχAEAM + (−1)MAE χA∂MEAM)
= (−1)ME(∂MχA + χN (∂NEMA − (−1)MN∂MENA))EAM
= (−1)AEDAχA + (−1)AE χB(TBAA − ΩBAA) + (−1)A(B+1)E χBΩABA
− (−1)Aw(EA)δAAE χBAB + E w(EA)χAAA
= (−1)AEDAχA + (−1)AE χBTBAA + (−1)AE
(
w(EA)− w(χA))AAχA ,
(4.164)
where the identities ΩBA
A = 0 and (−1)Aw(EA)δAA = 0 are used. The only non-vanishing components
of TBA
A are
Tbα
α = +iGb , T
α˙
b α˙ = −iGb , (4.165)
thus
(−1)AχBTBAA = −χb(Tbαα + T α˙b α˙ ) = −χb(iGb − iGb) = 0 . (4.166)
Moreover, if the U(1) weight of χ vanishes, i.e. w(χA) = w(EA), Eq. (4.164) takes the form
(−1)M∂M (E χM ) = (−1)AEDAχA . (4.167)
According to Eq. (4.163), the following integral is just a surface term, which is equal to zero∫
∗
(−1)AEDAχA = 0 . (4.168)
In particular, for each component A = (a, α, α˙) the integral vanishes separately:∫
∗
EDaχa = 0 ,
∫
∗
EDαχα = 0 ,
∫
∗
EDα˙χα˙ = 0 . (4.169)
The identities in Eq. (4.168) and (4.169) represent integration by parts in U(1) superspace for a super-
vector field with vanishing chiral weight, and they are frequently used in the derivation of the superfield
equations of motion in Section 7.
5 Matter superfields and Yang-Mills gauge group
Matter in ordinary spacetime is described by the sigma model, that is a diffeomorphism Φ which goes
from spacetime to a target manifold. Scalar fields ϕk(x), with spacetime coordinates xm, are then given
by the pullback of the coordinate functions zk on the target manifold via Φ, i.e. ϕk = zk ◦ Φ (see
e.g. [13–15]). It is often convenient to view the fields ϕk simply as coordinates of the target manifold.
The kinetic terms of the scalar fields, which must be positive definite, are formed by (the pullback of) the
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metric on the target manifold; thus the target manifold is Riemannian. The sigma model is called linear,
if the Riemannian metric is constant, and it is called non-linear, if the metric is coordinate dependent,
i.e. a function of the scalar fields. For supersymmetric theories, considered at the component field level,
the target manifold is complex; thus the complex coordinates are represented by the complex scalar fields
ϕk(x) and ϕ¯k¯(x) and the metric gkk¯ is Hermitian. When determining the supersymmetric Lagrangian
of the component fields (cf. Section 8), it turns out that for N = 1 supersymmetry in d = 4 dimensions
the target manifold is Ka¨hler,5 hence the Hermitian metric is locally specified by the Ka¨hler potential
K(ϕk, ϕ¯k¯) (see e.g. [18]).
The superpotential W (ϕk) is used, among others, to specify the scalar potential of the supersymmetric
theory. In particular, the superpotential is a holomorphic section of a holomorphic line bundle over the
target manifold, which carries locally the Hermitian metric eK , where both quantities are locally defined
with respect to some holomorphic section σ which forms a basis of the line bundle. Thus, the target
manifold is a Ka¨hler-Hodge manifold, which is also referred to as Ka¨hler manifold of restricted type (see
e.g. [11, 19]). Since the line bundle is 1-dimensional, the norm of the superpotential is just given by
||W (ϕk)||2 = eK(ϕk,ϕ¯k¯)W (ϕk)W (ϕ¯k¯) . (5.1)
Under a Ka¨hler transformation, parametrized by a holomorphic function F (ϕk), the Ka¨hler potential
transforms as
K(ϕk, ϕ¯k¯) 7→ K(ϕk, ϕ¯k¯) + F (ϕk) + F (ϕ¯k¯) , (5.2)
which does not affect the Ka¨hler metric. Since the metric on the line bundle is invariant under Ka¨hler
transformations as well, Eq. (5.2) implies the basis change σ 7→ σeF . Hence, the transfomations of
W (ϕk) and its conjugate W (ϕ¯k¯) are given by:
W (ϕk) 7→W (ϕk)e−F (ϕk) , W (ϕ¯k¯) 7→W (ϕ¯k¯)e−F (ϕ¯k¯) . (5.3)
There is a unique connection, namely the Chern connection, on the line bundle associated with the
Hermitian metric eK and the holomorphic structure ∂¯. The corresponding connection 1-form with
respect to the section σ and its conjugate are given by ∂K and ∂¯K, where ∂ ≡ dϕk ∂
∂ϕk
and ∂¯ ≡ dϕ¯k¯ ∂
∂ϕ¯k¯
.
Under Ka¨hler transformations, the two 1-forms transform as
∂K 7→ ∂K + ∂F , ∂¯K 7→ ∂¯K + ∂¯F . (5.4)
Moreover, the covariant derivatives of W and W with respect to Ka¨hler transformations are thus given
by
DW = dW +W∂K , DW = dW +W∂¯K , (5.5)
which, in terms of components, take the form
DkW =Wk +WKk , Dk¯W =W k¯ +WKk¯ . (5.6)
The line bundle is mapped to a U(1) bundle by the multiplication with eK/2, and the corresponding
U(1) connection A˜ has the form
A˜ =
1
4
(∂K − ∂¯K) . (5.7)
5Other structures on the target manifold arise in different dimensions and for a different number of supersymmetry
generators (see e.g. [16,17]).
46
In particular, under Ka¨hler transformations A˜, eK/2W and eK/2W transform as
A˜ 7→ A˜+ i
2
d ImF , (5.8)
eK/2W 7→ e−i ImF eK/2W , eK/2W 7→ e+i ImF eK/2W , (5.9)
showing that the corresponding U(1) transformation is given by − i2 ImF , and that eK/2W and eK/2W
have weights +2 and −2, respectively. This consideration is applied in the construction of the Lagrangian
at the superfield level in Section 6.3.
The fermionic superpartners of the scalar fields are described by the section χ of a bundle over spacetime,
which is the tensor product of a spinor bundle and the pullback via Φ of the holomorphic tangent bundle
of the target manifold.6 In particular, χα is a Weyl spinor with spinor index α, and with respect to the
canonical basis ∂k ≡ ∂∂ϕk of the holomorphic tangent bundle it is written as χα = χkα∂k. The field χkα is
then the fermionic superpartner of the scalar field ϕk. Similarly, the components χ¯k¯ α˙ of the conjugated
section χ¯α˙ with respect to the basis ∂k¯ ≡ ∂∂ϕ¯k¯ are the superpartners of ϕ¯k¯. Moreover, the tangent bundle
of the target manifold is equipped with the Levi-Civita connection of the Ka¨hler metric gkk¯, which is
used below to define covariant derivatives of the fermions.
A model is invariant under a compact Lie group G, if the group elements act as isometries on the
target manifold. The action is parametrized by the Killing vector field −α(r)(K(r)+ K¯(r)) concerning the
Ka¨hler metric, where α(r)(x) are real functions on spacetime, and K(r) = Kk(r)(ϕ)∂k and K¯(r) = K¯k¯(r)(ϕ¯)∂k¯
are holomorphic and anti-holomorphic vector fields, respectively, which obey the commutation relations
[K(p),K(q)] = c(p)(q)(r)K(r) , [K¯(p), K¯(q)] = c(p)(q)(r)K¯(r) , [K(p), K¯(q)] = 0 . (5.10)
The factors c(p)(q)
(r) are the real structure constants with respect to a set of Hermitian generators T (r)
of G. For infinitesimal α(r), the changes of the scalars and the fermions under the group action read 7
δϕk = −α(r)Kk(r) , δϕ¯k¯ = −α(r)K¯k¯(r) , (5.11)
δχk = −α(r)(∂jKk(r))χj , δχ¯k¯ = −α(r)(∂j¯K¯k¯(r))χ¯j¯ . (5.12)
Since the parameter α(r) is spacetime-dependent, these transformations are called gauged isometries. In
order to formulate covariant derivatives a connection 1-form a = a(r)T (r) = dx
ma
(r)
m T (r) with values in
the Lie algebra g of G is introduced. Under the infinitesimal group action a(r) transforms as
δa(r) = α(p)a(q)c(p)(q)
(r) − dα(r) . (5.13)
Thus, the covariant derivatives of the scalar and the fermion fields have the form 8
Dmϕk = ∂mϕk − am(r)Kk(r) ,
Dmϕ¯k¯ = ∂mϕ¯k¯ − am(r)K¯k¯(r) ,
(5.14)
6The Grassmann property of the fermions can be accounted for by considering the exterior algebra of the tensor product
bundle.
7The infinitesimal change of a tensor T on the target manifold under the induced diffeomorphisms of the Killing vector
fields is calculated by using the Lie derivative, namely δT = −α(r)(LK(r)T + LK¯(r)T ). On the other hand, χ and χ¯ are
sections of a bundle over spacetime, thus δ(χk∂k) = 0, δ(χ¯
k¯∂k¯) = 0. These transformation rules imply Eq. (5.11) and
Eq. (5.12), which basically represent infinitesimal coordinate transformations.
8Note, compared to Eq. (5.15) the covariant derivatives in Eq. (8.83) and (8.84) have an additional term which contains
the U(1) connection Am.
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D˜mχkα = ∂mχkα − ωmαβχkβ − am(r)(∂jKk(r))χjα + ΓkijχiαDmϕj ,
D˜mχ¯k¯α˙ = ∂mχ¯k¯α˙ − ω α˙m β˙ χ¯k¯β˙ − am(r)(∂j¯K¯k¯(r))χj¯α˙ + Γk¯ i¯j¯χ¯i¯α˙Dmϕ¯j¯ ,
(5.15)
where ω is the spin connection associated with local Lorentz transformations in spacetime. Further-
more, Γkij and Γ
k¯
i¯j¯ are the non-vanishing Christoffel symbols of the Levi-Civita connection of gkk¯. The
derivatives in Eq. (5.14) and (5.15) transform covariantly under local transformations of the group G and
under local Lorentz transformations. Moreover, the covariant derivatives of the fermions are covariant
with respect to ungauged isometries of the Ka¨hler metric, which basically represent coordinate transfor-
mations on the target manifold. The kinetic terms of the scalar fields and their fermionic superpartners
are then written as
Lkin = −gkk¯ gmnDmϕkDnϕ¯k¯ −
i
2
gkk¯(χ
kσmD˜mχ¯k¯ + χ¯k¯σ¯mD˜mχk) , (5.16)
where gmn is the inverse spacetime metric.
Ordinary Yang-Mills transformations are described, if G acts via a linear representation on the scalar
fields, i.e. the Killing vector fields have the following form: K(r) = +i(T (r)ϕ)k∂k and K¯(r) = −i(ϕ¯T (r))k¯∂k¯,
where the commutation relations of the Hermitian generators are [T (p),T (q)] = ic(p)(q)
(r)T (r). In this
case, Eq. (5.11) and (5.12) read
δϕk = −iα(r)(T (r)ϕ)k , δϕ¯k¯ = +iα(r)(ϕ¯T (r))k¯ , (5.17)
δχk = −iα(r)(T (r)χ)k , δχ¯k¯ = +iα(r)(χ¯T (r))k¯ . (5.18)
The sigma model in superspace is formulated in a straightforward way from the above discussion by
promoting the scalar fields ϕk, ϕ¯k¯ to c-type matter superfields φk, φ¯k¯ and the connection idxmam
(r) to a
c-type 1-superform dzMAM (r) (where the factor i is convention). The Killing vector fields K(r), K¯(r) are
now even supervector fields, and the metric gkk¯, the Ka¨hler potential K and the superpotential W are
even functions of the superfields φk, φ¯k¯. The matter superfields do not transform under the structure
group of superspace, thus in U(1) superspace they have vanishing U(1) weights: w(φk) = 0, w(φ¯k¯) = 0.
In addition, the chirality conditions Dα˙φk = 0 and Dαφ¯k = 0 apply, where the derivatives are covariant
with respect to the gauged isometries of the sigma model. The matter superfields contain the scalar and
the fermion fields as component fields. The kinetic terms in Eq. (5.16) are part of the general supersym-
metric Lagrangian at the component field level given in Section 8.5.5, which is derived with superfield
techniques.
In the following sections, gauged isometries at the superfield level are discussed and the correspond-
ing Bianchi identity is solved in the framework of U(1) superspace. The considerations are restricted to
Yang-Mills transformations.
5.1 Yang-Mills connection and field strength
In this section gauged isometries of the sigma model in superspace are discussed, where only Yang-Mills
transformations are considered, i.e. the Lie group G with Lie algebra g acts via a linear representation
on the matter superfields φk and φ¯k. Furthermore it is assumed that G is compact. Generic elements
y ∈ g and g ∈ G have the form
y = iα(r)T (r) , (5.19)
g = exp(iα(r)T (r)) , (5.20)
where the coefficients α(r) are real, even superfields and the T (r) form a set of generators of the Lie
algebra (iT (r) ∈ g). It is assumed that the generators are Hermitian (T †(r) = T (r)). Thus, g† = g−1 and
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the structure constants c(p)(q)
(r), which are implicitly defined by
[T (p),T (q)] = ic(p)(q)
(r)T (r) , (5.21)
are real.
• Yang-Mills connection:
The Yang-Mills connection A of the gauge group is an even g-valued 1-superform:
A = A(r)T (r) = EAAA(r)T (r) . (5.22)
From this definition follows that the 1-superform A(r) is imaginary:
(A(r))∗ = −A(r) , (AA(r))∗ = −AA˙(r) . (5.23)
Under transformations g and infinitesimal transformations g ≈ 1 + y of the Yang-Mills gauge
group the connection transforms as
A 7→ g−1Ag − g−1dg , (5.24)
A 7→ A+ [A,y]− dy , (5.25)
where in terms of components Eq. (5.25) is written as
A(r) 7→ A(r) + α(p)A(q)c(p)(q)(r) − idα(r) . (5.26)
Note that A does not transform under the structure group SO(1, 3) ×U(1).
• Yang-Mills field strength:
The curvature tensor F , also called field strength, with respect to the connection A is defined by
F = dA+A∧A , (5.27)
which, with respect to the generators, is written as
F = F (r)T (r) with F (r) = dA(r) +
i
2
A(p) ∧ A(q)c(p)(q)(r) . (5.28)
On the other hand, the field strength is a 2-superform
F = 1
2
EA ∧EBFBA , (5.29)
with
FBA = DBAA − (−1)BADAAB + TBACAC + (AB,AA) , (5.30)
where AA is considered as the component of a 1-superform in the covariant derivative, namely
DBAA = DBAA − ΩBACAC −w(EA)ABAA , (5.31)
using the notation D = EBDB and d = EBDB . According to the definition in Eq. (5.28), F (r) is
imaginary:
(F (r))∗ = −F (r) , (FBA(r))∗ = −(−1)BAFB˙A˙(r) . (5.32)
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The transformations in Eq. (5.24) and (5.25) imply that the field strength transforms in the adjoint
representation of the Yang-Mills group, namely
F = dA+A ∧A
7→ d(g−1Ag − g−1dg) + (g−1Ag − g−1dg) ∧ (g−1Ag − g−1dg)
= g−1A ∧ dg + g−1dA g − dg−1 ∧Ag − dg−1 ∧ dg
+ g−1A ∧Ag − g−1A ∧ dg − g−1dg ∧ g−1dAg + g−1dg ∧ g−1dg
= g−1dA g + g−1A∧Ag
= g−1Fg ,
(5.33)
where dg−1 = −g−1dg g−1 is used. In case of infinitesimal gauge transformations Eq. (5.33) takes
the form
F 7→ F + [F ,y] , (5.34)
which in terms of components is written as
F (r) 7→ F (r) + α(p)F (q)c(p)(q)(r) . (5.35)
5.1.1 Bianchi Identity
The Bianchi identity of the Yang-Mills connection states that the covariant derivative of the field strength
vanishes:
DF = dF + [F ,A]
= ddA+ d(A∧A) + [dA,A] + [A ∧A,A]
= A ∧ dA− dA∧A+ [dA,A]
= 0 ,
(5.36)
where [A ∧A,A] = 0 is used. In terms of the Lie algebra components, Eq. (5.36) is written as
DF (r) = dF (r) + iF (p) ∧ A(q)c(p)(q)(r) = 0 . (5.37)
Furthermore, since F is a 2-superform, the covariant derivative has the form
DF = 1
2
EA ∧EB ∧DFBA + 1
2
EA ∧ TB ∧ FBA − 1
2
TA ∧EB ∧ FBA
=
1
2
EA ∧EB ∧EC(DCFBA + TCBDFDA) .
(5.38)
Thus, in terms of the superspace components the Bianchi-identity in Eq. (5.36) takes the form∮
CBA
(DCFBA + TCBDFDA) = 0 , (5.39)
with
∮
CBA CBA = CBA+ (−1)A(C+B)ACB + (−1)(B+A)CBAC.
5.1.2 Covariant derivative of matter superfields
For the following discussion, it is convenient to write the matter superfields as a column and a row vector
φ and φ¯, respectively, neglecting the field index, where φ¯ is the conjugate of φ. The action of a gauge
transformation g on φ and φ¯ is then given by
φ 7→ g−1φ , φ¯ 7→ φ¯g , (5.40)
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such that the term φ¯φ is a gauge singlet. If the gauge transformation g ≈ 1+y is infinitesimal, Eq. (5.40)
reads
φ 7→ φ− yφ , φ¯ 7→ φ¯+ φ¯y . (5.41)
In terms of components, Eq. (5.41) is written as
φk 7→ φk − iα(r)(T (r)φ)k , φ¯k¯ 7→ φ¯k¯ + iα(r)(φ¯T (r))k¯ . (5.42)
The covariant derivatives of φ and φ¯ are thus given by
Dφ = dφ−Aφ , (5.43)
Dφ¯ = dφ¯+ φ¯A , (5.44)
which, in terms of components, reads
DAφk = DAφk −AA(r)(T (r)φ)k , (5.45)
DAφ¯k¯ = DAφ¯k¯ +AA(r)(φ¯T (r))k¯ , (5.46)
with the notations D = EADA and d = EADA. Note, if φ and φ¯ were p-superforms, the covariant
derivatives would have the form Dφ = dφ− φ∧AT = dφ− (−1)pA∧ φ and Dφ¯ = dφ¯+ φ¯∧A. By using
Eq. (5.24), it is straightforward to check that Dφ and Dφ¯ from Eq. (5.43) and (5.44) transform the same
way under gauge transformations as φ and φ¯, respectively:
Dφ = dφ−Aφ
7→ d(g−1φ)− (g−1Ag − g−1dg)(g−1φ)
= g−1dφ+ dg−1φ− g−1Aφ+ g−1dg g−1φ
= g−1dφ− g−1Aφ
= g−1(Dφ) ,
(5.47)
and, with a similar calculation,
Dφ¯ 7→ (Dφ¯)g . (5.48)
A second covariant derivative of φ and φ¯ is the same as acting with the field strength F on φ and φ¯,
namely:
DDφ = ddφ− d(Aφ) +A∧ (dφ)−A ∧Aφ = −Fφ , (5.49)
DDφ¯ = ddφ¯+ d(φ¯A) + (dφ¯) ∧ A+ φ¯A ∧A = +φ¯F , (5.50)
which leads to
(DB ,DA)φ = −TBACDCφ−FBAφ , (5.51)
(DB ,DA)φ¯ = −TBACDC φ¯+ φ¯FBA . (5.52)
where DEA = TA is used, and (DB ,DA) = DBDA − (−1)BADADB is the supercommutator.
As stated above φk and φ¯k¯ are a chiral and an antichiral superfield, respectively:
Dα˙φk = 0 , Dαφ¯k¯ = 0 . (5.53)
Because covariant derivatives are used to define the chirality conditions, they are compatible with Yang-
Mills transformations (cf. Eq. (5.47) and Eq. (5.48)):
Dα˙(g−1φ) = g−1(Dα˙φ) = 0 , Dα(φ¯g) = (Dαφ¯)g = 0 . (5.54)
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5.2 Solution of the Yang-Mills Bianchi identity
5.2.1 Field strength constraints
Since φ and φ¯ are a chiral and an antichiral superfield respectively, i.e. Dα˙φ = 0 and Dαφ¯ = 0, Eq. (5.51)
and (5.52) imply
{Dβ˙,Dα˙}φ = −F β˙α˙φ = 0 , {Dβ,Dα}φ¯ = +φ¯Fβα = 0 , (5.55)
where the torsion constraints Tβα
C = 0 and T β˙α˙C = 0 from Eq. (4.1) are used. In view of these
identities, the following covariant constraints, the so called representation preserving constraints, for the
components of the fields strength are introduced:
F β˙α˙ = 0 , Fβα = 0 . (5.56)
In addition, using the explicit form for the components of the field strength in Eq. (5.30), from the
identity
Fβα˙ = DβAα˙ +Dα˙Aβ − 2i(σcǫ)βα˙Ac − {Aβ,Aα˙} (5.57)
follows that the components Fβα˙ can be absorbed into a linear covariant redefinition of the vector
component Aa of the connection. Thus, the so called covariant conventional constraint
Fβα˙ = 0 (5.58)
is introduced. The representation preserving and the conventional constraints of the Yang-Mills field
strength reduce the degrees of freedom, and their implications can be studied by solving the Bianchi
identity in Eq. (5.39).
5.2.2 Solution of the Bianchi identity
In this section, the Bianchi identity of the Yang-Mills connection in Eq. (5.39) is solved, by applying the
torsion constraints given in Eq. (4.1) and the representation preserving and the conventional constraints
for the Yang-Mills field strength in Eq. (5.56) and Eq. (5.58). For the sake of completeness, the Bianchi
identity ∮
CBA
(DCFBA + TCBDFDA) = 0 , (5.59)
with
∮
CBA CBA = CBA + (−1)A(C+B)ACB + (−1)(B+A)CBAC, and the covariant constraints of the
field strength
Fβα = 0 , (5.60)
where α labels both α and α˙, are stated here again. Using vector and spinor indices, there are the
following non-equivalent tuples of indices:
(C,B,A) = (c, b, a), (c, b, α), (c, b, α˙), (c, β, α), (c, β, α˙), (c, β˙, α˙),
(γ, β, α)︸ ︷︷ ︸
trivial
, (γ, β, α˙), (γ, β˙, α˙), (γ˙, β˙, α˙)︸ ︷︷ ︸
trivial
(5.61)
The label ”trivial” indicates that the Bianchi identity is trivially satisfied for the corresponding tuples
of indices. Thus, the Bianchi identity delivers 8 equations:
(C,B,A) = (γ, β˙, α) : (I)
2iσd
γβ˙
Fdα + 2iσdαβ˙Fdγ = 0
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(C,B,A) = (γ, β˙, α˙) : (II)
2iσd
γβ˙
Fdα˙ + 2iσdγα˙Fdβ˙ = 0
(C,B,A) = (γ, β˙, a) : (III)
DγFβ˙a −Dβ˙Faγ + 2iσdγβ˙Fda = 0
(C,B,A) = (γ, β, a) : (IV)
DγFβa −DβFaγ = 0
(C,B,A) = (γ˙, β˙, a) : (V)
Dγ˙Fβ˙a −Dβ˙Faγ˙ = 0
(C,B,A) = (γ, b, a) : (VI)
DγFba +DaFγb +DbFaγ + TγbδFδa + TaγδFδb = 0
(C,B,A) = (γ˙, b, a) : (VII)
Dγ˙Fba +DaFγ˙b +DbFaγ˙ + Tγ˙bδFδa + Taγ˙δFδb = 0
(C,B,A) = (c, b, a) : (VIII)
DcFba +DaFcb +DbFac + TcbδFδa + TacδFδb + TbaδFδc = 0
In order to solve the above equations, it is convenient to express the vector indices in terms of spinor
indices. The solutions of (I)–(VIII) are then the following:
• Identity (I) and (II):
The identities (I) and (II) are written as
Fα γβ˙ + Fγ αβ˙ = 0 , (5.62)
Fα˙ γβ˙ + Fβ˙ γα˙ = 0 , (5.63)
and they have the respective solutions
Fβ αα˙ = 2iǫβαWα˙ , (5.64)
Fβ˙ αα˙ = 2iǫβ˙α˙Wα . (5.65)
The superfields Wα and Wα˙ are Lie algebra valued, i.e.
Wα =Wα(r)T (r) , Wα˙ =Wα˙(r)T (r) , (5.66)
and, according to the appearance of Wα and Wα˙ in Eq. (5.64) and (5.65), it follows that
w(Wα) = +1 , w(Wα˙) = −1 , (5.67)
and (Wα(r))∗ =Wα˙(r).
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• Identity (III):
Using the expressions for Fβ αα˙ and Fβ˙ αα˙ from Eq. (5.64) and (5.65), (III) has the form
Fββ˙ αα˙ = −ǫβ˙α˙DβWα − ǫβαDβ˙Wα˙ . (5.68)
From the antisymmetry Fba = −Fab follows
DαWα = Dα˙W α˙ , (5.69)
which motivates the definition of the real superfield D as follows
D := −1
2
DαWα . (5.70)
In terms of components with definite symmetry properties, Fββ˙ αα˙ is written as
Fββ˙ αα˙ = 2ǫβ˙α˙Fβα
(
− 2ǫβαFβ˙α˙
(
, (5.71)
with
Fβα
(
= −1
4
(DβWα +DαWβ) , (5.72)
Fβ˙α˙
(
= +
1
4
(Dβ˙Wα˙ +Dα˙Wβ˙) , (5.73)
and (III) is then solved by Eq. (5.69) and (5.71).
• Identity (IV) and (V):
Again using the identities from Eq. (5.64) and (5.65), (IV) and (V) are fulfilled if
DαWα˙ = 0 , Dα˙Wα = 0 . (5.74)
This means Wα and Wα˙ are a chiral and an antichiral superfield, respectively.
• Identity (VI) and (VII):
From (VI) and (VII) the identities
DαD = iDαβ˙W β˙ , (5.75)
Dα˙D = iDβα˙Wβ , (5.76)
D2Wα = 4iDαβ˙W β˙ + 12WαR , (5.77)
D¯2Wα˙ = 4iDβα˙Wβ + 12Wα˙R , (5.78)
with D2 = DαDα and D¯2 = Dα˙Dα˙, are obtained.
• Identity (VIII):
The identity (VIII) implies derivative relations of the field strength components Fba which are not
used in subsequent calculations.9
9Identity (VIII) is the only identity with mass dimension 3. Thus, the derivative relations are of the same dimension.
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5.2.3 Summary of the Yang-Mills field strength components and derivative relations
This section provides a summary of the identities from Section 5.2.2, which were obtained by solving
the Bianchi identity for the Yang-Mills connection, by taking the representation preserving and the
conventional constraints in Eq. (5.60) and the torsion constraints in Eq. (4.1) into account. It turned
out that all components of the Yang-Mills field strength are expressed in terms of the following superfields
and their derivatives:
Wα =Wα(r)T (r) , W α˙ =W α˙(r)T (r) , (5.79)
where T (r) are the generators of the Lie algebra g (iT (r) ∈ g). Furthermore, Wα˙ and W α˙ are a chiral
and an antichiral superfield, respectively,
Dβ˙Wα = 0 , DβW α˙ = 0 , (5.80)
and under conjugation the components transform as:
(Wα(r))∗ =Wα˙(r) . (5.81)
According to the appearance of Wα and W α˙ in the components of the Yang-Mills field strength, they
have the U(1) weights
w(Wα) = +1 , w(Wα˙) = −1 . (5.82)
In the following, the components of the Yang-Mills field strength are listed, ordered according to their
mass dimension. Since F is a 2-superform, the mass dimension of the components range from 1 to 2.
All results are written in vector and spinor notation.
• Dimension 1:
According to the constraints in Eq. (5.60), all components with dimension 1 vanish
Fβα = 0 , (5.83)
where α labels both α and α˙.
• Dimension 32 :
The components with dimension 32 are stated in Eq. (5.64) and (5.65). They are given by
Fβa = +iσaββ˙W β˙ , (5.84)
F β˙a = −iσ¯β˙βa Wβ , (5.85)
which, written in terms of spinor indices, read
Fβ αα˙ = +2iǫβαWα˙ , (5.86)
Fβ˙ αα˙ = +2iǫβ˙α˙Wα . (5.87)
• Dimension 2:
It follows from Eq. (5.71) that the components with dimension 2 have the form
Fba = +1
2
(ǫσba)
βαDαWβ + 1
2
(σ¯baǫ)
β˙α˙Dα˙Wβ˙ . (5.88)
Using spinor indices the components are written as
Fββ˙ αα˙ = 2ǫβ˙α˙Fβα
(
− 2ǫβαFβ˙α˙
(
, (5.89)
with
Fβα
(
= −1
4
(DβWα +DαWβ) , (5.90)
Fβ˙α˙
(
= +
1
4
(Dβ˙Wα˙ +Dα˙Wβ˙) . (5.91)
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The derivative relations of the components, up to mass dimension 52 , are summarized in the following.
The relation from Eq. (5.69),
DαWα = Dα˙W α˙ , (5.92)
induces the definition of the real superfield D:
D := −1
2
DαWα , (5.93)
which has vanishing U(1) weight w(D) = 0. The following useful identities are derived directly from
Eq. (5.88) and Eq. (5.93):
DβWα +DαWβ = −2(σbaǫ)βαFba , (5.94)
DβWα −DαWβ = +ǫβαDϕWϕ = −2ǫβαD , (5.95)
Dβ˙Wα˙ +Dα˙Wβ˙ = −2(ǫσ¯ba)β˙α˙Fba , (5.96)
Dβ˙Wα˙ −Dα˙Wβ˙ = −ǫ ˙βα˙Dϕ˙W ϕ˙ = +2ǫ ˙βα˙D . (5.97)
In addition, the relations stated in Eqs. (5.75)–(5.78), which contain a double covariant derivative, are
given by
DαD = iDαβ˙W β˙ , (5.98)
Dα˙D = iDβα˙Wβ , (5.99)
D2Wα = 4iDαβ˙W β˙ + 12WαR , (5.100)
D¯2Wα˙ = 4iDβα˙Wβ + 12Wα˙R , (5.101)
where D2 = DαDα and D¯2 = Dα˙Dα˙.
5.3 Chiral projection operators
In this section the chiral and antichiral projection operators in U(1) superspace are introduced, by taking
into account the constraints of the torsion tensor and the Yang-Mills field strength. The two operators
will appear several times in calculations in following sections. Consider the superfield Φ with U(1) weight
w(Φ), and which transforms in some representation of the Yang-Mills gauge group. The identities
{Dβ˙,Dα˙}Dα˙Φ = 12RDβ˙Φ , (5.102)
Dβ˙Dα˙Φ = −Dα˙Dβ˙Φ = 1
2
ǫβ˙α˙Dγ˙Dγ˙Φ , (5.103)
imply
Dβ˙Dα˙Dα˙Φ = 8RDβ˙Φ . (5.104)
With the chirality condition Dβ˙R = 0 follows
Dβ˙(D¯2 − 8R)Φ = 0 , (5.105)
where D¯2 = Dα˙Dα˙. Thus, (D¯2 − 8R)Φ is a chiral superfield. Note that this consideration holds true,
if Φ has an additional undotted (upper or lower) spinor index γ, i.e. Dβ(D¯2 − 8R)Φγ = 0. A similar
calculation leads to
Dβ(D2 − 8R)Φ = 0 , (5.106)
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with D2 = DαDα, where the chirality condition DβR = 0 is used. Thus, (D2 − 8R)Φ is an antichiral
superfield. Again, this consideration holds true, if Φ has an additional dotted (upper or lower) spinor
index γ˙, i.e. Dβ(D2 − 8R)Φγ˙ = 0.
If Φ and Φ are already a chiral and an antichiral superfield, respectively, then
− 1
8R
(D¯2 − 8R)Φ = Φ , (5.107)
− 1
8R
(D2 − 8R)Φ = Φ . (5.108)
The operators in Eq. (5.107) and (5.108) are therefore the correctly normalized chiral and antichiral
projection operators.
6 Ka¨hler superspace
In the previous sections the structure of U(1) superspace has been investigated by solving the Bianchi
identities for certain torsion constraints, and matter superfields have been defined including Yang-Mills
gauge transformations. Although, the correct geometric framework to describe the coupling of matter to
supergravity is not U(1) superspace, but rather Ka¨hler (UK(1)) superspace, it is convenient to study first
U(1) superspace and then use the results from there in UK(1) superspace. As mentioned earlier, the two
superspaces are closely related, namely, UK(1) superspace is obtained from U(1) superspace by a suitable
identification of the U(1) pre-potential and chiral pre-gauge transformations with the Ka¨hler potential
K(φ, φ¯) and Ka¨hler transformations F (φ), respectively, which are functions of the matter superfields. In
the context of UK(1) superspace the U(1) weights w defined in U(1) superspace are referred to as chiral
weights and the U(1) connection A is called Ka¨hler connection.
In Section 6.1 the U(1) pre-potential is introduced and Ka¨hler superspace is defined. It is shown that
the results in U(1) superspace from the previous sections hold true in UK(1) superspace. Furthermore,
in Section 6.2 supergravity transformations at the superfield level are introduced, and in Section 6.3 the
general action of the supergravity/matter/Yang-Mills system in Ka¨hler superspace is given.
6.1 U(1) pre-potential
The solution of the Bianchi identities in U(1) superspace in Section 4 shows that the following components
of the U(1) field strength vanish (cf. Eq. (4.122)):
Fβα = 0 , F
β˙α˙ = 0 . (6.1)
On the other hand, the explicit expression of these components in terms of the U(1) connection in
Eq. (3.211) implies
Fβα = DβAα +DγAα , F β˙α˙ = Dβ˙Aα˙ +Dα˙Aβ˙ , (6.2)
where the torsion constraints Tβα
C = 0 and T β˙α˙C = 0 are used. Thus, Eq. (6.1) is fulfilled, if Aα and
Aα˙ are written in terms of the even superfield T and its conjugate T = T ∗, respectively:
Aα = −T−1DαT = −Dα log T , (6.3)
Aα˙ = +T−1Dα˙T = +Dα˙ log T , (6.4)
which is consistent with the identity (Aα)
∗ = −Aα˙ from Eq. (3.171). The superfield T is called pre-
potential and it is inert under U(1) transformations, thus the covariant derivative is just given by
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DT = dT . In order to restore the transformation property of the connection under U(1) transformations
g in Eq. (3.172), the pre-potential has to transform in the following way
T 7→ P T g , (6.5)
T 7→ P T g−1 , (6.6)
where P is a chiral superfield, i.e. Dα˙P = 0, and is called pre-gauge transformation. Note that P = P ∗
is an antichiral superfield, and that g∗ = g−1. This is an extra transformation, beside the gauge
transformation g, at the level of the pre-potential, which does not appear in the gauge transformations
of Aα and A
α˙. The product (T a T−b) with arbitrary powers a, b ∈ R transforms under gauge and
pre-gauge transformations as follows
(T aT−b) 7→ (T aT−b)P a P−b ga+b . (6.7)
For a superfield Φ with U(1) weight w(Φ) the new superfield Φ(a, b) in the so called (a, b)-basis is defined
as
Φ(a, b) := (T a T−b)−w(Φ)Φ . (6.8)
Note, if w(Φ) = 0 then Φ(a, b) = Φ, and the label (a, b) is usually neglected. According to Eq. (6.7), the
transformation of Φ(a, b) under gauge and pre-gauge transformations is given by
Φ(a, b) 7→ (g(a+b−1) P a P−b)−w(Φ)Φ(a, b) . (6.9)
Furthermore, the U(1) connection and the field strength in the (a, b)-basis have the form
A(a, b) := A+ (T a T−b)−1d(T a T−b) = A+ ad log T − bd log T , (6.10)
F (a, b) := dA(a, b) = dA = F , (6.11)
which shows that the field strength is independent of the chosen basis. Under gauge and pre-gauge
transformations the connection transforms as follows
A(a, b) 7→ A(a, b) + (a+ b− 1) d log g + ad logP − bd logP , (6.12)
whereas F (a, b) does not transform. The covariant derivative of Φ(a, b) contains the connection in the
(a, b)-basis and is defined as
DΦ(a, b) := dΦ(a, b) + w(Φ)Φ(a, b)A(a, b) = (T a T−b)−w(Φ)DΦ . (6.13)
The second identity shows, that this definition is consistent with the fact that DΦ has the same U(1)
weight as Φ. Since the supervielbein EA and its inverse EA have U(1) weights w(E
A) and w(EA)
respectively, in the (a, b)-basis they are given by
EA(a, b) = (T a T−b)−w(E
A)EA , (6.14)
EA(a, b) = (T
a T−b)−w(EA)EA , (6.15)
according to Eq. (6.8). Tensors are then written with respect the basis EA(a, b) and EA(a, b). In
particular, the components of a 1-superform ω and a supervector field χ (with w(ω) = w(χ) = 0) are
given by
ω = EA(a, b)ωA(a, b) , with ωA(a, b) = (T
a T−b)+w(E
A)ωA , (6.16)
χ = EA(a, b)χ
A(a, b) , with χA(a, b) = (T a T−b)+w(EA)χA . (6.17)
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In particular, Eq. (6.16) indicates the following notation for the components of the covariant derivative
D in the (a, b)-basis:
D = EA(a, b)DA(a, b) , with DA(a, b) = (T a T−b)+w(EA)DA . (6.18)
With this notation, the covariant derivative of Φ in Eq. (6.13) is written as
DA(a, b)Φ(a, b) := (DAΦ)(a, b) = (T a T−b)+w(EA)−w(Φ)DAΦ , (6.19)
which, for a double covariant derivative, implies
DB(a, b)DA(a, b)Φ(a, b) = (DBDAΦ)(a, b) = (T a T−b)+w(EB)+w(EA)−w(Φ)DAΦ . (6.20)
For later use, it is convenient to write the spinor components of the U(1) connection in the (a, b)-basis
(see Eq. (6.10)) as
Aα(a, b) = (a− 1
2
)
(
Dα log T
)
(a, b)− (b− 1
2
)
(
Dα log T
)
(a, b)− 1
2
(
Dα logW
)
(a, b) , (6.21)
Aα˙(a, b) = (a− 1
2
)
(
Dα˙ log T
)
(a, b)− (b− 1
2
)
(
Dα˙ log T
)
(a, b) +
1
2
(
Dα˙ logW
)
(a, b) . (6.22)
The real superfield W is given by
W = T T , (6.23)
thus, it is inert under gauge transformations, and under pre-gauge transformations it transforms as
follows
W 7→ P W P . (6.24)
In the case of a + b = 1, the gauge transformation g is absent in the transformations of Φ(a, b) and
A(a, b), i.e. Eq. (6.9) and (6.12) have the simplified form
Φ(a, b) 7→ (P a P−b)−w(Φ)Φ(a, b) , (6.25)
A(a, b) 7→ A(a, b) + ad log P − bd logP . (6.26)
For a+ b = 1 it is convenient to label the basis only by a, namely Φ(a) ≡ Φ(a, b) and A(a) ≡ A(a, b).10
6.1.1 Definition of Ka¨hler superspace
In the previous section the (a, b)-basis has been introduced with respect to the U(1) pre-potential T for a
superfield Φ with weight w(Φ) and the U(1) connection A. Ka¨hler superspace is formulated by choosing
the basis (a, b) = (12 ,
1
2 ) ≡ (12 ). In this basis Φ takes the form (see Eq. (6.8))
Φ(12) = (T T
−1)−
1
2
w(Φ)Φ , (6.27)
and from Eq. (6.21) and (6.22) follows that Aα(
1
2 ) and A
α˙(12 ) are functions of the superfield W only,
defined in Eq. (6.23):
Aα(
1
2 ) = −
1
2
(
Dα logW
)
(12 ) , (6.28)
Aα˙(12 ) = +
1
2
(
Dα˙ logW
)
(12 ) . (6.29)
10In the basis (0, 1) the chirality condition Dα˙Φ = 0 takes the form Dα˙(0)Φ(0) = 0, since Aα˙(0) = 0, and Φ(0) transforms
under chiral pre-gauge transformations: Φ(0) 7→ Pw(Φ)Φ(0). Analogously, in the basis (1, 0) the antichiral condition reads
Dα(1)Φ(1) = 0, since Aα(1) = 0, and the transformation is antichiral: Φ(1) 7→ P
w(Φ)Φ(1) with w(Φ) = −w(Φ). Thus, the
traditional chirality conditions and gauge transformations are recovered. The gauge invariant product is then written as
ΦΦ = Φ(1)W−w(Φ)Φ(0) = Φ(1)e2w(Φ)V Φ(0) with W = e−2V , recovering the traditional form. Similar considerations apply
to general Yang-Mills gauge groups.
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Furthermore, the supervielbein EA(12 ) and its inverse EA(
1
2) are given by
EA(12) = (T T
−1)−
1
2
w(EA)EA , EA(
1
2) = (T T
−1)−
1
2
w(EA)EA , (6.30)
and the basic superfields of the torsion tensor in U(1) superspace take the form, using the respective
chiral weights,
R(12) = (T
−1 T )R , R(12) = (T T
−1)R , Ga(
1
2) = Ga ,
Wγβα
(
(12 ) = (T
−1 T )
1
2Wγβα
(
, Wγ˙β˙α˙
(
(12 ) = (T T
−1)
1
2Wγ˙β˙α˙
(
.
(6.31)
The matter superfields and the basic superfields of the Yang-Mills field strength in the (12 ,
1
2 )-basis read
φk(12 ) = φ
k , φ¯k¯(12 ) = φ¯
k¯ , (6.32)
Wα(12 ) = (T−1 T )
1
2Wα , W α˙(12 ) = (T T−1)
1
2W α˙ . (6.33)
In UK(1) superspace, the real superfield W and the pre-gauge transformation P , which is a chiral
superfield, are identified with the Ka¨hler potential K(φ, φ¯) and the Ka¨hler transformation F (φ) in the
following way
W = e−
1
2
K(φ,φ¯) , (6.34)
P = e−
1
2
F (φ) , (6.35)
P = e−
1
2
F (φ¯) . (6.36)
Note that the Ka¨hler potential and the Ka¨hler transformation are functions of the matter superfields,
where K(φ, φ¯) is real and F (φ) is holomorphic in φ. Furthermore, F (φ¯) is the conjugate of F (φ). With
the notation
Kk =
∂K(φ, φ¯)
∂φk
, Kk¯ =
∂K(φ, φ¯)
∂φ¯k¯
, (6.37)
the metric gkk¯ of the Ka¨hler manifold is given by
gkk¯ ≡ Kkk¯ =
∂2K(φ, φ¯)
∂φk∂φ¯k¯
. (6.38)
The inverse of the metric is written as gk¯k. According to the transformation property of W under
pre-gauge transformations in Eq. (6.24), the Ka¨hler potential transforms under a Ka¨hler transformation
K(φ, φ¯) 7→ K(φ, φ¯) + F (φ) + F (φ¯) , (6.39)
leaving the metric gkk¯ unchanged. Furthermore, because the superfields W and P are singlets under
Yang-Mills transformations, Eq. (6.34) and (6.35) imply that K(φ, φ¯) and F (φ) are singlets too. In
particular, the invariance of the Ka¨hler potential leads to the identity
Kk(T (r)φ)
k = Kk¯(φ¯T (r))
k¯ , (6.40)
and it also guarantees that the Yang-Mills transformations are isometries with respect to the Ka¨hler
metric gkk¯. The Killing potential G(r) thus has the form
G(r) = −
1
2
(
Kk(T (r)φ)
k +Kk¯(φ¯T (r))
k¯
)
, (6.41)
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i.e. the isometry (Yang-Mills) transformations are obtained by taking a derivative of G(r) with respect
to the matter superfields, namely
∂G(r)
∂φk
= −gkk¯(φ¯T (r))k¯ ,
∂G(r)
∂φ¯k¯
= −gkk¯(T (r)φ)k . (6.42)
Furthermore, Eq. (6.40) and the chirality conditions for φk and φ¯k¯ imply
DαK = KkDαφ
k +Kk¯Dαφ¯
k¯
= KkDαφk +Aα(r)Kk(T (r)φ)k +Kk¯Dαφ¯k¯ −Aα(r)Kk¯(φ¯T (r))k¯
= KkDαφk ,
(6.43)
Dα˙K = KkD
α˙φk +Kk¯D
α˙φ¯k¯
= KkDα˙φk +Aα˙(r)Kk(T (r)φ)k +Kk¯Dα˙φ¯k¯ −Aα˙(r)Kk¯(φ¯T (r))k¯
= Kk¯Dα˙φ¯k¯ .
(6.44)
In Ka¨hler superspace the former U(1) connection A is now called Ka¨hler connection and the former U(1)
weights w are referred to as chiral weights, based on the chiral transformation F (φ). Note, since the
Ka¨hler potential has no well defined weight the covariant derivative DAK is not defined.
By plugging Eq. (6.34) into Eq. (6.28) and (6.29) the spinor components of the connection are expressed
in terms of the Ka¨hler potential
Aα(
1
2 ) = +
1
4
(
DαK
)
(12 ) , (6.45)
Aα˙(12 ) = −
1
4
(
Dα˙K
)
(12) . (6.46)
With the identities 11
Dα˙(12 )
(
DαK
)
(12 ) = gkk¯Dα˙(12 )φ¯k¯Dα(12)φk − 2iσaαα˙KkDaφk , (6.47)
Dα(12 )
(
Dα˙K
)
(12 ) = gkk¯Dα(12 )φkDα˙(12)φ¯k¯ − 2iσaαα˙Kk¯Daφ¯k¯ , (6.48)
follows from Eq. (6.45), (6.46), (3.211) and (4.123) that
Aa(
1
2 ) =
1
4
(KkDaφk −Kk¯Daφ¯k¯) +
3i
2
Ga +
i
8
σ¯α˙αa gkk¯Dα(12)φkDα˙(12 )φ¯k¯ . (6.49)
Note that in Eq. (6.47) the notation Dα˙(12)Dα(12 )K = (Dα˙DαK)(12) is used, and that Da(12 ) = Da and
Ga(
1
2 ) = Ga. The Ka¨hler connection in the (
1
2 ,
1
2 ) basis is then written as
12
A(12 ) =
1
4
(KkDφk −Kk¯Dφ¯k¯) +
i
8
Ea
(
12Ga + σ¯
α˙α
a gkk¯Dα(12 )φkDα˙(12 )φ¯k¯
)
. (6.50)
11Because the covariant derivative DBAα is well defined, namely Aα is considered as the component of a 1-superform,
the covariant derivative DB(
1
2
)
(
DαK
)
( 1
2
) is defined as well, according to the identification in Eq. (6.45). In order to write
DB(
1
2
)
(
DαK
)
( 1
2
) in terms of covariant derivatives of φk and φ¯k¯, as for example in Eq. (6.47), it is convenient to assume
that DBK is well defined, where K has chiral weight 0. This calculation is valid since K is invariant under Yang-Mills
transformations (cf. Eq. (6.40)). The same considerations apply to Dα˙K.
12The connection A( 1
2
) corresponds to the connection A˜ in Eq. (5.7) at the superfield level and with covariant derivatives
with respect to the Yang-Mills gauge group. The extra term in Eq. (6.50) may be absorbed by a redefinition of the vector
component Aa(
1
2
).
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Furthermore, according to Eq. (6.25) and (6.26) the superfield Φ(12) and the Ka¨hler connection A(
1
2 )
transform under Ka¨hler transformations as
Φ(12) 7→ e−
i
2
w(Φ) ImFΦ(12) , (6.51)
A(12 ) 7→ A(12 ) +
i
2
d ImF , (6.52)
where ImF = 12i (F − F ) is the imaginary part of F . Finally, Eq. (6.51) implies the transformation
properties under Ka¨hler transformations of the quantities listed in Eqs. (6.30)–(6.33).
In the remainder of this section it is argued that all the identities stated in Section 4 and 5 in U(1)
superspace, which were derived by solving the Bianchi identities in U(1) superspace and in the Yang-
Mills sector, can be taken up literally in UK(1) superspace. First, it is shown that the torsion con-
straints in Eq. (4.1) and the constraints of the Yang-Mill field strength in Eq. (5.60) have the same
form in Ka¨hler superspace. Because the components of the torsion tensor have the chiral weights
w(TCB
A) = w(EA)− w(EB)−w(EC ), in the (12 , 12 )-basis they are written as
TCB
A(12 ) = (T T
−1)−
1
2
(w(EA)−w(EB)−w(EC))TCB
A . (6.53)
Thus, all constraints of the form TCB
A = 0 for some A,B,C are equivalent to TCB
A(12 ) = 0, and since
w(Tγβ˙
a) = 0, Eq. (6.53) implies Tγβ˙
a(12) = Tγβ˙
a = 2iσa
γβ˙
. A similar consideration applies to the Yang-
Mills field strength. The chiral weights of the components are given by w(FBA) = −w(EA) − w(EB),
thus
FBA(12) = (T T−1)+
1
2
(w(EA)+w(EB))FBA , (6.54)
which implies that the constraint Fβα = 0 holds true in Ka¨hler superspace. Because the covariant deriva-
tive is compatible with the (12 ,
1
2 )-basis as shown in Eq. (6.19) and (6.20), the Bianchi identities stated
in Eq. (4.5) and (5.59) have the same form in Ka¨hler superspace. In addition, since the constraints of
the torsion tensor and the Yang-Mills field strength have the same form in Ka¨hler superspace too, as
stated above, the Bianchi identities lead to the same identities as listed in Section 4.3 and 5.2.3.
In the following sections UK(1) superspace is considered. In order to avoid clutter in the calculations
the label (12 ) is not written.
6.1.2 Further definitions and identities in Ka¨hler superspace
Having defined Ka¨hler superspace, it is appropriate at this point to express the superfields Xα, X
α˙ and
−12DαXα in terms of the matter superfields in an appropriate way. These expressions are used later
in Section 8 in the derivation of the Lagrangian of the supergravity/matter/Yang-Mills system at the
component field level. Note that the label (12 ) is neglected in the following calculations.
In the calculation of −12DαXα the superfields F k and F k¯ will appear, which are defined as
F k := −1
4
D˜αDαφk , (6.55)
F k¯ := −1
4
D˜α˙Dα˙φ¯k¯ , (6.56)
where the covariant derivatives with the tilde are given by
D˜BDAφk := DBDAφk + ΓkijDBφiDAφj , (6.57)
D˜BDAφ¯k¯ := DBDAφ¯k¯ + Γk¯ i¯j¯DBφ¯i¯DAφ¯j¯ . (6.58)
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The superfields
Γkij = g
k¯kgik¯,j , (6.59)
Γk¯ i¯j¯ = g
k¯kgki¯,j¯ , (6.60)
are the (non-vanishing) Christoffel symbols of the Levi-Civita connection of the metric gkk¯. This means,
the derivative D˜B of DAφk and DAφ¯k¯ is covariant with respect to the gauge symmetries, as well as with
respect to the (ungauged) Levi-Civita connection of the Ka¨hler manifold. Furthermore, the corresponding
Riemann tensor will be used, which is given by
Rkk¯jj¯ = gkk¯,jj¯ − gl¯l gkl¯,j glk¯,j¯ . (6.61)
• Superfields Xα and Xα˙:
Plugging Eq. (4.123) into (3.211), it follows that
Aαα˙ =
3i
2
Gαα˙ +
i
2
(DαAα˙ +Dα˙Aα) , (6.62)
which, again by using Eq. (3.211), implies
Fβ˙ αα˙ =
i
2
(Dβ˙DαAα˙ +Dβ˙Dα˙Aα)−
i
2
{Dα,Dα˙}Aβ˙ + 2iǫβ˙α˙Gαδ˙Aδ˙
+
3i
2
Dβ˙Gαα˙ + 2iǫβ˙α˙RAα ,
(6.63)
Fβ αα˙ =
i
2
(DβDαAα˙ +DβDα˙Aα)− i
2
{Dα,Dα˙}Aβ − 2iǫβαGδα˙Aδ
+
3i
2
DβGαα˙ − 2iǫβαRAα˙ .
(6.64)
On the other hand, according to Eq. (4.136) and (4.137) these components of the Ka¨hler field
strength have the form
Fβ˙ αα˙ =
3i
2
Dβ˙Gαα˙ + iǫβ˙α˙Xα , (6.65)
Fβ αα˙ =
3i
2
DβGαα˙ + iǫβαXα˙ , (6.66)
thus the superfields Xα and X
α˙ are expressed as
Xα = −1
4
D¯2Aα + 1
4
DαDα˙Aα˙ + 1
2
Dα˙DαAα˙ + 2Gαα˙Aα˙ + 2RAα , (6.67)
Xα˙ = +
1
4
D2Aα˙ + 1
4
Dα˙DαAα + 1
2
DαDα˙Aα − 2Gαα˙Aα − 2RAα˙ . (6.68)
Writing the spinor components of the Ka¨hler connection in terms of the Ka¨hler potential as in
Eq. (6.45) and (6.46), the two superfields have the simple form.
Xα = −1
8
(D¯2 − 8R)DαK , (6.69)
Xα˙ = −1
8
(D2 − 8R)Dα˙K , (6.70)
where (D¯2 − 8R) is the chiral and (D2 − 8R) the antichiral projection operator, as in Eq. (5.107)
and (5.108). This is consistent with Dα˙Xα = 0 and DαXα˙ = 0 in Eq. (4.149). An expansion of
the terms in Eq. (6.69) and (6.70) finally leads to the desired expressions for Xα and X
α˙:
Xα = − i
2
gkk¯σ
a
αα˙DaφkDα˙φ¯k¯ +
1
2
gkk¯DαφkF k¯ +W(r)α G(r) , (6.71)
Xα˙ = − i
2
gkk¯σ¯
aα˙αDaφ¯k¯Dαφk + 1
2
gkk¯Dα˙φ¯k¯F k +W(r)α˙G(r) , (6.72)
where G(r) is the Killing potential, as defined in Eq. (6.41).
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• Superfield −12DαXα:
For a superfield Φ with U(1) weight w(Φ) and which transform in some representation of the
Yang-Mills gauge group the identities
{Dα, D¯2}Φ = −2Dα˙DαDα˙Φ− 8Gαα˙Dα˙Φ+ 8RDαΦ− 4w(Φ)XαΦ− 8(Φ · Wα) , (6.73)
{Dα˙,D2}Φ = −2DαDα˙DαΦ+ 8Gαα˙DαΦ+ 8RDα˙Φ+ 4w(Φ)Xα˙Φ+ 8(Φ · W α˙) . (6.74)
are used in the calculation of −12DαXα. If, for example, Φ = φ, φ¯ represents a matter superfield,
the two identities get simplified because of the chirality conditions and the vanishing U(1) weight,
and the term (Φ · Wα) takes the form
(φ · Wα) = −(Wα(r)φ) = −(T (r)φ)Wα(r) , (6.75)
(φ¯ · Wα) = +(φ¯Wα(r)) = +(φ¯T (r))Wα(r) . (6.76)
These considerations finally lead to the expression
−1
2
DαXα = −gkk¯DaφkDaφ¯k¯ −
i
4
gkk¯DαφkD˜αα˙Dα˙φ¯k¯ −
i
4
gkk¯Dα˙φ¯k¯D˜αα˙Dαφk
+ gkk¯F
kF k¯ +
1
16
Rkk¯jj¯DαφkDαφjDα˙φ¯k¯Dα˙φ¯j¯
+ gkk¯(φ¯T (r))
k¯Wα(r)Dαφk + gkk¯(T (r)φ)kWα˙(r)Dα˙φ¯k¯
− 1
2
DαWα(r)G(r) .
(6.77)
Note that the term in Eq. (6.77) is real, and that −12DαXα = −12Dα˙Xα˙, as expected from
Eq. (4.150).
6.2 Supergravity transformations
Supergravity transformations are a subset of (infinitesimal) coordinate dependent transformations
• ξM (local) superspace diffeomorphism,
• LBA Lorentz transformation,
• F (φ) Ka¨hler transformation,
• α(r) Yang-Mills transformation,
(6.78)
in UK(1) superspace, where ξ = ξ
M∂M is a real and even supervector field, LB
A ∈ so(1, 3) and iα(r)T (r) ∈
g. Note that the infinitesimal action of the local diffeomorphism is given by the Lie derivative Lξ. Under
these transformations, the infinitesimal change of a p-superform χA with Lorentz index A, chiral weight
w(χA), and which transforms in any representation of the Yang-Mills gauge group, has the form
χA 7→ χA + δχA , (6.79)
with
δχA = Lξχ
A − i
2
w(χA)χA ImF + χBLB
A + iα(r)(χA · T (r))
= (ιξD +Dιξ)χA + χB(LBA − ιξΩBA)− w(χA)χA(ιξA+ i
2
ImF )
+ i(α(r) + iιξA(r))(χA · T (r)) ,
(6.80)
where
ιξA =
1
4
(KkιξDφk −Kk¯ιξDφ¯k¯) +
i
8
ξa(12Ga + σ¯
α˙α
a gkk¯DαφkDα˙φ¯k¯) . (6.81)
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Supergravity transformations δSG are those transformations, where the terms containing the Lorentz
and the Yang-Mills connection in Eq. (6.80) are cancelled by a compensating Lorentz and Yang-Mills
transformation, namely
LB
A = ιξΩB
A , (6.82)
α(r) = −iιξA(r) . (6.83)
Furthermore, in a supergravity transformation the Ka¨hler transformation is equal to zero:
F (φ) = 0 . (6.84)
The components of the superspace diffeomorphism are conveniently written in the form ξA = (ξa, ξα, ξ¯α˙)
to explicitly indicate that (ξα)∗ = ξ¯α˙. Strictly speaking the definition of a supergravity transformation
contains the additional condition that the lowest superspace component of ξa vanishes, i.e. ξa| = 0 (cf.
Section 8.1.1). If ξ is an arbitrary real and even supervector field, the transformation is called super-
gauge transformation. This distinction only becomes important in Section 8.3, where the supergravity
transformation at the component field level is considered. Because the Ka¨hler transformation F is a
holomorphic function of the matter superfields φk, in general there exists no Ka¨hler transformation,
such that the term ιξA gets cancelled by
i
2 ImF . The supergravity transformation of χ
A is then given
by
δSGξ χ
A = LξχA − w(χA)χAιξA , (6.85)
where the covariant Lie derivative Lξ is defined as
Lξ = ιξD +Dιξ . (6.86)
The identity in Eq. (6.85) shows that the supergravity transformation is completely specified by the su-
perspace diffeomorphism ξ. Moreover, the supergravity transformation is covariant with respect to the
Lorentz and the Yang-Mills gauge group. Hence, with an appropriate definition of the component fields
of the supermultiplets (cf. Section 8), the Wess-Zumino gauge is implemented in a geometric manner.
Supergravity transformations therefore correspond to local supersymmetry transformations adapted to
the Wess-Zumino gauge and are also called Wess-Zumino transformations.13 Note, Eq. (6.85) has the
same form for superforms with an arbitrary number of upper and lower Lorentz indices.
Particular cases of Eq. (6.85) are the supergravity transformations of the supervielbein and the matter
superfields:
δSGξ E
A = DξA + ιξTA −w(EA)EAιξA , (6.87)
δSGξ φ
k = ιξDφk , (6.88)
δSGξ φ¯
k¯ = ιξDφ¯k¯ . (6.89)
The supergravity transformations of the Lorentz and the Yang-Mills connection are calculated in a
similar way. The changes under the general transformations of Eq. (6.78) are given by
δΩB
A = LξΩB
A + [Ω, L]B
A − dLBA
= ιξRB
A + [Ω, L− ιξΩ]BA − d(LBA − ιξΩBA) ,
(6.90)
δA(r) = LξA(r) + α(p)A(q)c(p)(q)(r) − idα(r)
= ιξF (r) + (α(p) + iιξA(p))A(q)c(p)(q)(r) − id(α(r) + iιξA(r)) .
(6.91)
13Pure local supersymmetry transformations correspond to local superspace diffeomorphisms, where the infinitesimal
action is given by the Lie derivative Lξ.
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Therefore, using Eqs. (6.82)–(6.84), the supergravity transformations of the connections are given by
δSGξ ΩB
A = ιξRB
A , (6.92)
δSGξ A(r) = ιξF (r) . (6.93)
Again, these transformations are covariant with respect to the Lorentz and the Yang-Mills gauge group.
For two infinitesimal superspace diffeomorphisms ξ1 and ξ2 the commutation relation of the correspond-
ing covariant Lie derivatives has the form
[Lξ1 ,Lξ2 ]χA = L[ξ1,ξ2]χA + χBιξ2ιξ1RBA + w(χA)χAιξ2ιξ1dA+ ιξ2ιξ1F (r)(χA · T (r)) . (6.94)
This implies that the commutator of two supergravity transformations is given by
[δSGξ1 , δ
SG
ξ2 ]χ
A = δSG[ξ1,ξ2]χ
A + χBιξ2ιξ1RB
A + ιξ2ιξ1F (r)(χA · T (r)) . (6.95)
Thus, the commutator of two supergravity transformations is again a supergravity transformation plus
a Lorentz transformation LB
A = ιξ2ιξ1RB
A and a Yang-Mills transformations α(r) = −iιξ2ιξ1F (r), which
are both field dependent. The additional gauge transformations are present, because supergravity trans-
formations correspond to local supersymmetry transformations, adapted to the Wess-Zumino gauge.
The same conclusion applies to the Lorentz and the Yang-Mills connection:
[δSGξ1 , δ
SG
ξ2 ]ΩB
A = δSG[ξ1,ξ2]ΩB
A + [Ω, ιξ2ιξ1R]B
A − dιξ2ιξ1RBA , (6.96)
[δSGξ1 , δ
SG
ξ2 ]A(r) = δSG[ξ1,ξ2]A(r) − iιξ2ιξ1F (p)A(q)c(p)(q)(r) − dιξ2ιξ1F (r) . (6.97)
Because of the covariant definition of the supergravity transformation, it is straight forward to show that
the commutator of a supergravity transformation δSGξ with a Lorentz transformation δL and a Yang-Mills
transformation δα, respectively, vanishes:
[δSGξ , δL]χ
A = 0 , (6.98)
[δSGξ , δα]χ
A = 0 . (6.99)
Furthermore, the commutator of a supergravity transformation δSGξ and a Ka¨hler transformation δF is
given by
[δSGξ , δF ]χ
A = +
i
2
w(χA)χAιξd ImF , (6.100)
where F (φk) + ιξdF (φ
k) = F (φk + δSGξ φ
k) is the same Ka¨hler transformation as a function of the trans-
formed matter superfields. Together with Eq. (6.95) this shows that the algebra spanned by supergravity,
Lorentz, Ka¨hler and Yang-Mills transformations closes. Note, if ξ is not infinitesimal, the correspond-
ing finite supergravity transformation has the form ∆SGξ = exp(δ
SG
ξ ), and the commutation relation in
Eq. (6.95) is then used to calculate compositions of finite supergravity transformations.
Chiral and antichiral superfields retain their property under transformations as in Eq. (6.78), and con-
sequently also under supergravity transformations. This applies because the chirality conditions are
specified with respect to the basis of the supervielbein, which transforms as well. In particular, the
covariant derivative of a superfield Φ transforms as follows
EADAΦ 7→ EADAΦ+ δ(EADAΦ)
= EADAΦ+ (δEA)DAΦ+ EA(δDAΦ)
= (EA + δEA)(DAΦ+ δDAΦ) ,
(6.101)
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up to first order in δ. The chirality conditions for the transformed field Φ+ δΦ are specified with respect
to the transformed supervielbein EA + δEA, and are thus given by
Dα˙Φ+ δDα˙Φ = 0 , (6.102)
DαΦ+ δDαΦ = 0 . (6.103)
The two conditions are obviously fulfilled for a chiral superfield, i.e. Dα˙Φ = 0, and an antichiral superfield,
i.e. DαΦ = 0, respectively.
6.2.1 Further identities
As a preparation for the calculation of the supergravity transformations at the component field level in
Section 8.3 and 8.5, Eqs. (6.87)–(6.89) and (6.93) are stated in a more explicit form and the supergravity
transformations for further quantities are determined in the following.
• Supergravity sector:
In terms of superspace indices Eq. (6.87) is written as
δSGξ EM
A = DMξA + EMBξCTCBA − w(EA)EMAιξA . (6.104)
Furthermore, under a transformation as stated in Eq. (6.78) the superfields R and R transform as
δR = LξR− iR ImF
= ιξDR− 2R(ιξA+ i
2
ImF ) ,
(6.105)
δR = LξR+ iR ImF
= ιξDR+ 2R(ιξA+ i
2
ImF ) .
(6.106)
With the identities (cf. Eq. (4.108), (4.109), (4.154) and (4.155))
DαR = −1
3
Xα − 2
3
(σcb)α
ϕ
Tcbϕ , (6.107)
Dα˙R = −1
3
Xα˙ − 2
3
(σ¯cb)α˙ϕ˙Tcb
ϕ˙ , (6.108)
and the chirality conditions for R and R follows, that the supergravity transformations have the
form
δSGξ R = ξ
aDaR− 1
3
ξαXα − 2
3
(ξσcb)αTcbα , (6.109)
δSGξ R = ξ
aDaR− 1
3
ξ¯α˙X
α˙ − 2
3
(ξσ¯cb)α˙Tcb
α˙ . (6.110)
For the superfield Ga, the general transformation of Eq. (6.78) reads
δGa = LξGa − LabGb
= ιξDGa − (Lab − ιξΩab) .
(6.111)
Using the identities (cf. Eq. (4.108), (4.109), (4.156) and (4.157))
DβGa = +1
2
(σcbσa)βα˙Tcb
α˙ − 1
6
(σaσ¯
cb)βα˙Tcb
α˙ − 1
3
σaβα˙X
α˙ , (6.112)
Dβ˙Ga = −1
2
(σ¯cbσ¯a)
β˙αTcbα +
1
6
(σ¯aσ
cb)β˙αTcbα +
1
3
σ¯β˙αa Xα , (6.113)
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implies, that the supergravity transformation is given by
δSGξ Ga = ξ
bDbGa
+
1
2
(ξσcbσa)α˙Tcb
α˙ − 1
6
(ξσaσ¯
cb)α˙Tcb
α˙ − 1
3
(ξσa)α˙X
α˙
− 1
2
(ξ¯σ¯cbσ¯a)
αTcbα +
1
6
(ξ¯σ¯aσ
cb)αTcbα +
1
3
(ξ¯σ¯a)
αXα .
(6.114)
• Matter sector:
In a more explicit form Eq. (6.88) and (6.89) are written as
δSGξ φ
k = ξbDbφk + ξβDβφk , (6.115)
δSGξ φ¯
k¯ = ξbDbφ¯k¯ + ξ¯β˙Dβ˙φ¯k¯ , (6.116)
taking into account the chirality conditions for the matter superfields. Under an infinitesimal
transformation, as stated in Eq. (6.78), the terms Dαφk and Dα˙φ¯k¯ change as
δDαφk = LξDαφk − LαβDβφk + i
2
Dαφk ImF − iα(r)(T (r)Dαφ)k
= ιξDDαφk − (Lαβ − ιξΩαβ)Dβφk +Dαφk(ιξA+ i
2
ImF )
− i(α(r) + iιξA(r))(T (r)Dαφ)k ,
(6.117)
δDα˙φ¯k¯ = LξDα˙φ¯k¯ − Lα˙β˙Dβ˙φ¯k¯ −
i
2
Dα˙φ¯k¯ ImF + iα(r)(Dα˙φ¯T (r))k¯
= ιξDDα˙φ¯k¯ − (Lα˙β˙ − ιξΩα˙β˙)Dβ˙φ¯k¯ −Dα˙φ¯k¯(ιξA+
i
2
ImF )
+ i(α(r) + iιξA(r))(Dα˙φ¯T (r))k¯ .
(6.118)
By applying the identities
DβDαφk = 1
2
ǫβαD2φk , (6.119)
Dβ˙Dαφk = 2i(σ¯aǫ)β˙αDaφk , (6.120)
Dβ˙Dα˙φ¯k¯ = 1
2
ǫβ˙α˙D¯2φ¯k¯ , (6.121)
DβDα˙φ¯k¯ = 2i(σaǫ)βα˙Daφ¯k¯ , (6.122)
the supergravity transformations are given by
δSGξ Dαφk = ξbDbDαφk + 2ξαF k +
1
2
ξαΓ
k
ijDβφiDβφj + 2i(ξ¯σ¯aǫ)αDaφk +DαφkιξA , (6.123)
δSGξ Dα˙φ¯k¯ = ξbDbDα˙φ¯k¯ + 2ξ¯α˙F k¯ +
1
2
ξ¯α˙Γk¯ i¯j¯Dβ˙φ¯i¯Dβ˙φ¯j¯ + 2i(ξσaǫ)α˙Daφ¯k¯ −Dα˙φ¯k¯ιξA . (6.124)
Furthermore, the infinitesimal transformations of the terms D˜αDαφk and D˜α˙Dα˙φ¯k¯ are
δD˜αDαφk = LξD˜αDαφk + iD˜αDαφk ImF − iα(r)(T (r)D˜αDαφ)k ,
= ιξDD˜αDαφk + 2D˜αDαφk(ιξA+ i
2
ImF )− i(α(r) + iιξA(r))(T (r)D˜αDαφ)k ,
(6.125)
δD˜α˙Dα˙φ¯k¯ = LξD˜α˙Dα˙φ¯k¯ − iD˜α˙Dα˙φ¯k¯ ImF + iα(r)(D˜α˙Dα˙φ¯T (r))k¯ ,
= ιξDD˜α˙Dα˙φ¯k¯ − 2D˜α˙Dα˙φ¯k¯(ιξA+ i
2
ImF ) + i(α(r) + iιξA(r))(D˜α˙Dα˙φ¯T (r))k¯ .
(6.126)
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With the identities
DβD˜αDαφk = +8RDβφk + 4ΓkijDβφiF j , (6.127)
Dβ˙D˜αDαφk = −4iσ¯aβ˙αD˜aDαφk + 4Gαβ˙Dαφk + 8W β˙(r)(T (r)φ)k
+ gk¯kRik¯jl¯Dβ˙φ¯l¯DαφiDαφj ,
(6.128)
Dβ˙D˜α˙Dα˙φ¯k¯ = +8RDβ˙φ¯k¯ + 4Γk¯ i¯j¯Dβ˙φ¯i¯F j¯ , (6.129)
DβD˜α˙Dα˙φ¯k¯ = −4iσaβα˙D˜aDα˙φ¯k¯ − 4Gβα˙Dα˙φ¯k¯ + 8Wβ (r)(φ¯T (r))k¯
+ gk¯kRki¯lj¯DβφlDα˙φ¯i¯Dα˙φ¯j¯ ,
(6.130)
the supergravity transformations are written in the explicit form
δSGξ D˜αDαφk = ξbDbD˜αDαφk + 8R ξβDβφk − 4i(ξ¯σ¯a)αD˜aDαφk
+ 4(ξ¯σ¯a)αDαφkGa + 8(ξ¯W¯(r))(T (r)φ)k + 4ΓkijξβDβφiF j
+ gk¯kRik¯jl¯ξ¯β˙Dβ˙φ¯l¯DαφiDαφj − 8F kιξA ,
(6.131)
δSGξ D˜α˙Dα˙φ¯k¯ = ξbDbD˜α˙Dα˙φ¯k¯ + 8R ξ¯β˙Dβ˙φ¯k¯ − 4i(ξσa)α˙D˜aDα˙φ¯k¯
− 4(ξσa)α˙Dα˙φ¯k¯Ga + 8(ξW(r))(φ¯T (r))k¯ + 4Γk¯ i¯j¯ ξ¯β˙Dβ˙φ¯i¯F j¯
+ gk¯kRki¯lj¯ξ
βDβφlDα˙φ¯i¯Dα˙φ¯j¯ + 8F k¯ιξA .
(6.132)
• Yang-Mills sector:
In terms of superspace indices Eq. (6.93) has the form
δSGξ AM (r) = EMAξBFBA(r) . (6.133)
Furthermore, the infinitesimal changes of the superfields Wα(r) and W α˙(r), which appear in the
Yang-Mills field strength, under transformations as in Eq. (6.78) are given by
δWα(r) = LξWα(r) − LαβWβ(r) − i
2
Wα(r) ImF + α(p)Wα(q)c(p)(q)(r)
= ιξDWα(r) − (Lαβ − ιξΩαβ)Wβ(r) −Wα(r)(ιξA+ i
2
ImF )
+ (α(p) + iιξA(p))Wα(q)c(p)(q)(r) ,
(6.134)
δW α˙(r) = LξW α˙(r) − Lα˙β˙W β˙(r) +
i
2
W α˙(r) ImF + α(p)W α˙(q)c(p)(q)(r)
= ιξDW α˙(r) − (Lα˙β˙ − ιξΩα˙β˙)W β˙(r) +W α˙(r)(ιξA+
i
2
ImF )
+ (α(p) + iιξA(p))W α˙(q)c(p)(q)(r) .
(6.135)
The identities
DβWα(r) = −(σbaǫ)βαFba(r) − ǫβαD(r) , (6.136)
Dβ˙W α˙(r) = +(σ¯baǫ)β˙α˙Fba(r) − ǫβ˙α˙D(r) , (6.137)
are then used to write the supergravity transformations as follows:
δSGξ Wα(r) = ξaDaWα(r) − (ξσbaǫ)αFba(r) + ξαD(r) −Wα(r)ιξA , (6.138)
δSGξ W α˙(r) = ξaDaW α˙(r) + (ξ¯σ¯baǫ)α˙Fβ˙α˙ + ξ¯α˙D(r) +W α˙(r)ιξA . (6.139)
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Finally, for the term DαWα(r) the infinitesimal transformation
δDαWα(r) = LξDαWα(r) + α(p)DαWα(q)c(p)(q)(r)
= ιξDDαWα(r) + (α(p) + iιξA(p))DαWα(q)c(p)(q)(r) .
(6.140)
and the identities
DβDαWα(r) = −2iσaβα˙DaW α˙(r) , (6.141)
Dβ˙DαWα(r) = −2iσ¯aβ˙αDaWα(r) , (6.142)
are used to calculate the supergravity transformation
δSGξ DαWα(r) = ξaDaDαWα(r) − 2i(ξσa)α˙DaW α˙(r) − 2i(ξ¯σ¯a)αDaWα(r) . (6.143)
• Chiral superfield:
Under infinitesimal transformations as in Eq. (6.78) a chiral superfield Φ with chiral weight w(Φ)
and an antichiral superfield Φ with chiral weight w(Φ), both singlets with respect to the Lorentz
and the Yang-Mills group, transform as
δΦ = LξΦ− i
2
w(Φ)Φ ImF
= ιξDΦ− w(Φ)Φ(ιξA+ i
2
ImF ) ,
(6.144)
δΦ = LξΦ− i
2
w(Φ)Φ ImF
= ιξDΦ− w(Φ)Φ(ιξA+ i
2
ImF ) .
(6.145)
Thus the supergravity transformations of Φ and Φ have the form
δSGξ Φ = ξ
bDbΦ+ ξβDβΦ− w(Φ)Φ ιξA , (6.146)
δSGξ Φ = ξ
bDbΦ+ ξ¯β˙Dβ˙Φ− w(Φ)Φ ιξA . (6.147)
Furthermore, the infinitesimal transformations of the terms DαΦ and Dα˙Φ are given by
δDαΦ = LξDαΦ− LαβDβΦ− i
2
(
w(Φ)− 1)DαΦ ImF
= ιξDDαΦ− (Lαβ − ιξΩαβ)DβΦ−
(
w(Φ)− 1)DαΦ(ιξA+ i
2
ImF ) ,
(6.148)
δDα˙Φ = LξDα˙Φ− Lα˙β˙Dβ˙Φ−
i
2
(
w(Φ)− 1)Dα˙Φ ImF
= ιξDDα˙Φ− (Lα˙β˙ − ιξΩα˙β˙)Dβ˙Φ−
(
w(Φ) + 1
)Dα˙Φ(ιξA+ i
2
ImF ) .
(6.149)
With the identities
DβDαΦ = +1
2
ǫβαD2Φ , (6.150)
Dβ˙DαΦ = +2i(σ¯aǫ)β˙αDaΦ+ 3w(Φ)(σ¯aǫ)β˙αGaΦ , (6.151)
Dβ˙Dα˙Φ = +1
2
ǫβ˙α˙D¯2Φ , (6.152)
DβDα˙Φ = +2i(σaǫ)βα˙DaΦ+ 3w(Φ)(σaǫ)βα˙GaΦ , (6.153)
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the supergravity transformations read
δSGξ DαΦ = ξbDbDαΦ−
1
2
ξαD2Φ+ 2i(ξ¯σ¯aǫ)αDaΦ+ 3w(Φ)(ξ¯σ¯aǫ)αGaΦ
− (w(Φ)− 1)DαΦ ιξA ,
(6.154)
δSGξ Dα˙Φ = ξbDbDα˙Φ−
1
2
ξα˙D¯2Φ+ 2i(ξσaǫ)α˙DaΦ+ 3w(Φ)(ξσaǫ)α˙GaΦ
− (w(Φ) + 1)Dα˙Φ ιξA .
(6.155)
Finally, for the terms D2Φ and D¯2Φ the infinitesimal transformations
δD2Φ = LξD2Φ− i
2
(
w(Φ)− 2)D2Φ ImF
= ιξDD2Φ−
(
w(Φ)− 2)D2Φ(ιξA+ i
2
ImF ) ,
(6.156)
δD¯2Φ = LξD¯2Φ− i
2
(
w(Φ) + 2
)D¯2Φ ImF
= ιξDD¯2Φ−
(
w(Φ) + 2
)D¯2Φ(ιξA+ i
2
ImF ) ,
(6.157)
and the identities
DβD2Φ = +8RDβΦ , (6.158)
Dβ˙D2Φ = −4iσ¯aβ˙αDaDαΦ− 2
(
3w(Φ)− 2)σ¯aβ˙αGaDαΦ− 4w(Φ)ΦX β˙ , (6.159)
Dβ˙D¯2Φ = +8RDβ˙Φ , (6.160)
DβD2Φ = −4iσaβα˙DaDα˙Φ− 2
(
3w(Φ) + 2
)
σaβα˙GaDα˙Φ− 4w(Φ)ΦXβ , (6.161)
imply, that the supergravity transformations have the following form:
δSGξ D2Φ = ξbDbD2Φ+ 8RξβDβΦ− 4i(ξ¯σ¯a)αDaDαΦ
− 2(3w(Φ) − 2)(ξ¯σ¯a)αGaDαΦ− 4w(Φ)Φ ξ¯β˙X β˙ − (w(Φ)− 2)D2Φ ιξA , (6.162)
δSGξ D¯2Φ = ξbDbD¯2Φ+ 8Rξβ˙Dβ˙Φ− 4i(ξσa)α˙DaDα˙Φ
− 2(3w(Φ) + 2)(ξσa)α˙GaDα˙Φ− 4w(Φ)Φ ξβXβ − (w(Φ) + 2)D¯2Φ ιξA . (6.163)
6.3 Invariant actions at the superfield level
An action S in Ka¨hler superspace is constructed by using the real density E, which is the superdeter-
minant of the supervielbein components EM
A as defined in Eq. (3.36). In general S has the form
S =
∫
∗
EΘ , (6.164)
where Θ is an even, real superfield with vanishing chiral weight w(Θ) = 0 and where
∫
∗
indicates in-
tegration over the whole superspace (cf. Section 3.1.2). Note that Θ is also inert under Lorentz and
Yang-Mills transformations. Actions written in the form of Eq. (6.164) are manifestly invariant under
Lorentz, Yang-Mills and Ka¨hler transformations, as well as under superspace diffeomorphisms. In par-
ticular, they are invariant under supergravity transformations δSG at the superfield level.
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Sometimes it is convenient to write the action in a different way, in terms of the so called chiral density
E
R and an even, chiral superfield Ξ with w(Ξ) = +2, compensating the chiral weight w(R
−1) = −2.14 In
that case, the action is written as
S = 1
2
∫
∗
E
R
Ξ +
1
2
∫
∗
E
R
Ξ , (6.165)
where Ξ = Ξ∗. The two constructions in Eq. (6.164) and (6.165) are equivalent. This is evident, if Ξ and
Ξ are written in terms of the (unconstrained) superfields Σ and Σ by applying the projection operators
(D¯2 − 8R) and (D2 − 8R) form Section (5.3):
Ξ = (D¯2 − 8R)Σ , Ξ = −8(D2 − 8R)Σ . (6.166)
The terms in Eq. (6.165) thus take the form∫
∗
E
R
Ξ =
∫
∗
E D¯2
(Σ
R
)
− 8
∫
∗
E Σ = −8
∫
∗
E Σ , (6.167)
∫
∗
E
R
Ξ =
∫
∗
ED2
(Σ
R
)
− 8
∫
∗
E Σ = −8
∫
∗
E Σ . (6.168)
According to Eq. (4.169), the parts of the integrand which contain D¯2 and D2 represent a total deriva-
tive, therefore the integral of these terms vanishes. The real superfield in Eq. (6.164) is then given by
Θ = −4(Σ + Σ).
The general constructions in Eq. (6.164) and (6.165) are used in the following to write down the action
of the supergravity/matter/Yang-Mills system in Ka¨hler superspace at the superfield level. The action
decomposes into a supergravity+matter part, a superpotential part and a Yang-Mills part, namely
S = Ssupergravity+matter + Ssuperpotential + SYang-Mills . (6.169)
• Supergravity+matter:
The supergravity+matter part contains, among others, the kinetic terms of the supergravity+matter
system, and is given by the volume element
Ssupergravity+matter = −3
∫
∗
E , (6.170)
thus the real superfield
Θsupergravity+matter = −3 (6.171)
is just a constant.
• Superpotential:
The coupling of the superpotential to supergravity is described by
Ssuperpotential = 1
2
∫
∗
E
R
e
1
2
K(φ,φ¯)W (φ) +
1
2
∫
∗
E
R
e
1
2
K(φ,φ¯)W (φ¯) , (6.172)
using the chiral density. The superpotential W (φ) and its conjugate W (φ¯) =
(
W (φ)
)∗
are holo-
morphic and anti-holomorphic functions of the matter superfields φk and φ¯k¯, respectively. They
are both singlets with respect to the Yang-Mills gauge group, hence
Wk(T (r)φ)
k = 0 , W k¯(φ¯T (r))
k¯ = 0 . (6.173)
14This construction is also referred to as generalized F -term construction.
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From these identities follows
DαW =WkDαφk , DαW = 0 ,
Dα˙W = 0 , Dα˙W = Dα˙φ¯k¯ .
(6.174)
In order that the action is invariant under Ka¨hler transformations, the superpotential has to
transform as
W 7→ e−FW , W 7→ e−FW , (6.175)
which implies
eK/2W 7→ e−i ImF eK/2W , eK/2W 7→ e+i ImF eK/2W , (6.176)
by using the transformation property of the Ka¨hler potential in Eq. (6.39) (cf. the discussion in
Section 5). Although neither the Ka¨hler potential K(φ, φ¯) nor the superpotential W (φ) has a well
defined U(1) weight, the product terms have the weights
w
(
e
1
2
K(φ,φ¯)W (φ)
)
= +2 , w
(
e
1
2
K(φ,φ¯)W (φ¯)
)
= −2 , (6.177)
which are derived by comparing the transformations in Eq. (6.176) with Eq. (6.51). Thus, the
chiral superfield and its conjugate are given by
Ξsuperpotential = e
1
2
K(φ,φ¯)W (φ) , Ξsuperpotential = e
1
2
K(φ,φ¯)W (φ¯) . (6.178)
In order to check that these two superfields are indeed chiral and antichiral respectively, the
covariant derivatives are written explicitly in term of the Ka¨hler connection, namely:
Dα˙Ξsuperpotential = Dα˙Ξsuperpotential + 2Aα˙Ξsuperpotential
=
1
2
eK/2
(
(Dα˙K)W + 2Dα˙W + 4Aα˙W
)
= 0 ,
(6.179)
DαΞsuperpotential = DαΞsuperpotential − 2AαΞsuperpotential
=
1
2
eK/2
(
(DαK)W + 2DαW − 4AαW
)
= 0 ,
(6.180)
where the expressions Aα = +
1
4DαK and A
α˙ = −14Dα˙K, and the identities from Eq. (6.174) are
used. Note that the covariant derivative for K, W and W is not defined, because they do not have
a well defined chiral weight. Moreover, if the Ka¨hler transformation is chosen F = logW (provided
that logW exists), then K 7→ G = K+log |W |2 and W 7→ 1, i.e. Ξsuperpotential = eG/2. This means,
the action only depends on the function G, and not on K and W separately.
• Yang-Mills:
The coupling of the kinetic terms in the Yang-Mills sector to supergravity are contained in
SYang-Mills = 1
8
∫
∗
E
R
f(r)(s)(φ)Wα(r)Wα(s) +
1
8
∫
∗
E
R
f¯(r)(s)(φ¯)Wα˙(r)W α˙(s) . (6.181)
The gauge kinetic function f(r)(s)(φ) and its conjugate f¯(r)(s)(φ¯) =
(
f(r)(s)(φ)
)∗
are holomorphic
and anti-holomorphic functions of the matter superfields φk and φ¯k¯, respectively. In addition,
they are symmetric in their indices, i.e. f(r)(s)(φ) = f(s)(r)(φ) and f¯(r)(s)(φ¯) = f¯(s)(r)(φ¯). From
Eq. (5.35) follows that the gauge kinetic function has to transform as a tensor with two adjoint
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indices, in order that the action is invariant under Yang-Mills transformations. Therefore, f(r)(s)(φ)
and f¯(r)(s)(φ¯) fulfil the following identities
+i
∂f(r)(s)
∂φk
(T (q)φ)
k = c(q)(r)
(p)f(p)(s) + c(q)(s)
(p)f(r)(p) , (6.182)
−i∂f¯(r)(s)
∂φ¯k¯
(φ¯T (q))
k¯ = c(q)(r)
(p)f¯(p)(s) + c(q)(s)
(p)f¯(r)(p) . (6.183)
Hence, the chiral superfield and its conjugate are given by
ΞYang-Mills =
1
4
f(r)(s)(φ)Wα(r)Wα(s) , ΞYang-Mills =
1
4
f¯(r)(s)(φ¯)Wα˙(r)W α˙(s) . (6.184)
Note, because f(r)(s)(φ) and Wα(r) are chiral superfields, ΞYang-Mills is a chiral superfield as well.
In order to justify that the action S, as stated in Eq. (6.169), describes correctly the supergravity/-
matter/Yang-Mills system, either the superfield equations of motions can be calculated, or the La-
grangian at the component field level can be determined. This is done in Section 7 and 8, respectively.
6.4 R-symmetry
In a supergravity theory, an R-symmetry U(1)R is a special type of U(1) symmetry, whose transforma-
tions consist of a Yang-Mills gauge transformation and a simultaneous Ka¨hler transformation. Analogous
to ordinary U(1) Yang-Mills gauge symmetries, the matter superfields φk and φ¯k¯ transform under U(1)R
as
φk 7→ e+iwR(φk)αRφk , φ¯k¯ 7→ e−iwR(φk)αR φ¯k¯ , (6.185)
where wR(φ
k) is the corresponding weight of φk, also called R-charge, and αR is a real, even superfield. If
it is assumed that the superpotential W (φk), as a function of the fields φk, has a definite weight wR(W ),
W and W have well defined transformation properties under U(1)R, namely
15
W 7→ e+iwR(W )αRW , W 7→ e−iwR(W )αRW . (6.186)
In contrast to ordinary Yang-Mills gauge symmetries, the superpotential is not invariant with respect to
an R-symmetry. However, it is still assumed that the Ka¨hler potential K(φk, φ¯k¯) and the gauge kinetic
function f(r)(s)(φ
k) are a singlets under U(1)R transformations, i.e.
wR(K) = 0 , (6.187)
wR(f(r)(s)) = 0 , wR(f¯(r)(s)) = 0 . (6.188)
As stated in Section 6.3, the superpotential appears in the action only in combination with the term
eK/2, such that a Ka¨hler transformation F (φk) induces a U(1) transformation (see Eq. (6.176)):
eK/2W 7→ e−i ImF eK/2W , eK/2W 7→ e+i ImF eK/2W . (6.189)
If the U(1)R transformation takes the value αR = −12 ImF , i.e. it is parametrized by a Ka¨hler transfor-
mation, and the superpotential has the weight
wR(W ) = +2 , wR(W ) = −2 , (6.190)
15The assignment of an R-charge to the superpotential is compatible with derivatives with respect to the matter super-
fields, e.g. wR(DkW ) = wR(Wk) = wR(W )− wR(φ
k) where the first identity holds under the assumption of Eq. (6.187).
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the Yang-Mills transformation in Eq. (6.185) corresponds to the Ka¨hler transformation in Eq. (6.189).
Since Ka¨hler and Yang-Mills transformations leave the action invariant, this holds true for U(1)R trans-
formations, if and only if Eq. (6.187), (6.188) and (6.190) apply. Note that chiral weights w are added
to the R-charge, e.g.
wR(DAφk) = w(EA) + wR(φk) , wR(DAφ¯k¯) = w(EA) + wR(φ¯k¯) , (6.191)
where wR(φ¯
k¯) = −wR(φk), and w(EA) is given in Eq. (3.144). Hence, different component fields of a
supermultiplet usually have different R-charges (cf. Section 8.4). In general, multiple U(1)R symmetries
may be present in a supergravity theory.
Since αR is parametrized by a Ka¨hler transformation F , the commutator of an infinitesimal supergravity
transformation δSGξ and an infinitesimal U(1)R transformation δαR is again a Ka¨hler transformation (cf.
Section 6.2), namely
[δSGξ , δαR ]χ
A = +
i
2
w(χA)χAιξd ImF , (6.192)
where χA is a p-superform with Lorentz index A, chiral weight w(χA) (and R-charge wR(χ
A)), and which
transforms in any representation of the Yang-Mills gauge group.
7 Equations of motion in Ka¨hler superspace
The equations of motion in Ka¨hler superspace at the superfield level are obtained by applying the calculus
of variation to the action S stated in Section 6.3. The basic objects in Ka¨hler superspace, which are
varied, are the supervielbein, the Lorentz and the Yang-Mills connection, and the matter superfields.
In fact, these variations have to be considered modulo compensating superspace diffeomorphisms, and
modulo compensating Lorentz and Yang-Mills transformations. An extra complication arises, because
the torsion tensor and the Yang-Mills field strength, which are derived quantities from the basic objects,
as well as the matter superfields fulfil covariant constraints, which must be respected by the variations.
However, these constraints are violated by the most general variations of EA, Ω, A, φk and φ¯k¯. Therefore,
the variational version of the constraint equations have to be solved, which provides the expressions of
the variations in terms of unconstrained entities. This calculation is carried out in the remainder of this
section.
7.1 Variation of the torsion tensor
The definition of the torsion tensor TA in Eq. (3.185) contains the supervielbein EA, the Lorentz con-
nection ΩB
A and the Ka¨hler connection A. Although in Ka¨hler superspace A is not a basic object but
rather a function of the matter superfields, as stated in Eq. (6.50), it is convenient to treat A as such
in the following. In Section 7.3.2 the variation of the Ka¨hler connection is then put down to variations
of the matter superfields. The infinitesimal variations of the supervielbein, the Lorentz and the Ka¨hler
connection have the general form
δEA = dzMδEM
A , (7.1)
δΩB
A = dzMδΩMB
A , (7.2)
δA = dzMδAM . (7.3)
This can also be written as
δEA = HA , with HA = EBHB
A , HB
A = EB
MδEM
A , (7.4)
δΩB
A = φB
A , with φB
A = ECφCB
A , φCB
A = EC
MδΩMB
A , (7.5)
δA = ω , with ω = EAωA , ωA = EA
MδAM , (7.6)
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where the 1-superforms HA, φB
A and ω are introduced, which parametrize δEA, δΩB
A and δA, re-
spectively. Note that in leading order of the variation, the components of the infinitesimal superforms
HA, φB
A and ω are written with respect to the supervielbein EA, and not with respect to the varied
supervielbein (EA + δEA). From Eq. (7.1) and (7.4) follows that
δEM
A = +EM
BHB
A , δEA
M = −HABEBM , (7.7)
where δ(EA
MEM
B) = 0 is used to derive the second identity. By using the definition of the torsion
tensor and by applying Eqs. (7.4)–(7.6), the variation of TA is given by
δTA = δ
(
dEA + EB ∧ ΩBA + w(EA)EA ∧A
)
= d(δEA) + (δEB) ∧ ΩBA + EB ∧ (δΩBA) + w(EA)(δEA) ∧A
+ w(EA)EA ∧ (δA)
= DHA + EB ∧ φBA + w(EA)EA ∧ ω .
(7.8)
If the last three terms in Eq. (7.8) are written explicitly as 2-superforms, namely
DHA = EB ∧ DHBA + TBHBA
=
1
2
EB ∧EC(DCHBA − (−1)CBDBHCA + TCBDHDA) , (7.9)
EB ∧ φBA = 1
2
EB ∧EC(φCBA − (−1)CBφBCA) , (7.10)
w(EA)EA ∧ ω = w(EA)EA ∧ EBωB
= w(EA)
1
2
EB ∧ EC(δAB ωC − (−1)CBδAC ωB) , (7.11)
and the variation of the torsion tensor is expanded as
δTA = δ
(1
2
EB ∧ ECTCBA
)
=
1
2
(HB ∧ EC + EB ∧HC)TCBA + 1
2
EB ∧ ECδTCBA
=
1
2
EB ∧ EC(HCDTDBA − (−1)CBHBDTDCA + δTCBA) ,
(7.12)
the variation of the torsion tensor components can be read off:
δTCB
A = DCHBA − (−1)BCDBHCA + TCBDHDA
−HCDTDBA + (−1)BCHBDTDCA
+ φCB
A − (−1)BCφBCA
+ w(EA)
(
δAB ωC − (−1)BCδAC ωB
)
.
(7.13)
Two variations for a certain object, stated in Eqs. (7.1)–(7.3), are equivalent, if the difference is just an
infinitesimal transformation under a superspace diffeomorphism ξ = EAξA, with ξ
A = (ξa, ξα, ξ¯α˙), and a
Lorentz transformation L, i.e. ξ and L can be used to compensate parts of the variation. Note, because
the Ka¨hler transformation F (φ) depends on the matter superfields, it can not be used to compensate
variations. The transformation under a generic, infinitesimal superspace diffeomorphism and Lorentz
transformation is labelled by δ˜. For the supervielbein, the Lorentz and the Ka¨hler connection this is
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given by
δ˜EA = LξE
A + EBLB
A
= ιξT
A +DξA + EB(LBA − ιξΩBA)− w(EA)EAιξA ,
(7.14)
δ˜ΩB
A = LξΩB
A + [Ω, L]B
A − dLBA
= ιξRB
A −D(LBA − ιξΩBA) ,
(7.15)
δ˜A = LξA = ιξF . (7.16)
Again, in leading order of the transformation δ˜ the components of the infinitesimal superforms HA,
φB
A and ω are written with respect to the supervielbein EA, and not with respect to the transformed
supervielbein (EA + δ˜EA). Furthermore, with the definitions
∆HA := δ˜EA , (7.17)
∆φB
A := δ˜ΩB
A , (7.18)
∆ω := δ˜A , (7.19)
follows
∆HB
A = ξCTCB
A +DBξA + L˜BA − w(EA)δAB ιξA , (7.20)
∆φCB
A = ξDRDCB
A −DCL˜BA , (7.21)
∆ωA = ξ
BFBA , (7.22)
where L˜B
A
:= (LB
A− ιξΩBA). The usage of the symbol ∆ indicates, that the transformation may be of
the same order as the object, namely HA, φA
B and ω, itself. The goal in the remainder of this section
is to solve the variational version of the torsion constraints, stated in Eq. (4.1), by taking into account
compensating superspace diffeomorphisms and Lorentz transformations.
7.1.1 Torsion constraints I
According to Eq. (4.1) the following components of the torsion tensor have the constant values
Tγβ
a = 0 , T γ˙β˙a = 0 , (7.23)
Tγβα˙ = 0 , T
γ˙β˙α = 0 , (7.24)
Tγ
β˙a = −2i(σaǫ)γβ˙ . (7.25)
Thus, the corresponding variations have to vanish. According to Eq. (7.13), the variations of Tγβ
a and
Tγβα˙ are written as
0 = δTγβ
a =
∑
γβ
(DγHβa −Hγδ˙T δ˙ aβ ) , (7.26)
0 = δTγβα˙ =
∑
γβ
(DγHβα˙ −HγdTdβα˙) . (7.27)
The solution for these two equations is given by
Hβ
a = DβΞa + Ξδ˙T δ˙ aβ , (7.28)
Hβα˙ = DβΞα˙ +ΞdTdβα˙ , (7.29)
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where the superfields Ξa and Ξα˙ are introduced. A similar consideration holds true for the components
T γ˙β˙a and T γ˙β˙α. The corresponding variations are given by
0 = δT γ˙β˙a =
∑
γ˙β˙
(Dγ˙H β˙a −H γ˙δTδβ˙a) , (7.30)
0 = δT γ˙β˙α =
∑
γ˙β˙
(Dγ˙H β˙α −H γ˙dTdβ˙α) . (7.31)
The two equations are solved by introducing the superfields Ξa and Ξα as follows:
H β˙a = Dβ˙Ξa + ΞδTδβ˙a , (7.32)
H β˙α = Dβ˙Ξα + ΞdTdβ˙α , (7.33)
where (Ξa)∗ = Ξa and (Ξα)∗ = Ξα˙. Having solved the variational version of the torsion constraints in
Eq. (7.23) and (7.24), there is still the freedom of using an infinitesimal superspace diffeomorphism ξ to
bring the variations in Eq. (7.28), (7.29), (7.32) and (7.33) to a simpler form. In particular, according
to Eq. (7.20), the variations Hβ
a and H β˙a transform as
∆Hβ
a = ξ¯γ˙T
γ˙ a
β +Dβξa , (7.34)
∆H β˙a = ξγTγ
β˙a +Dβ˙ξa , (7.35)
under an infinitesimal superspace diffeomorphism, and they are inert under Lorentz transformations.
Thus, the following choice for the components of ξ,
ξa = −1
2
(Ξa + Ξa) , ξα = −Ξα , ξ¯α˙ = −Ξα˙ , (7.36)
leads to
Hβ
a = +DβVa , (7.37)
H β˙a = −Dβ˙Va , (7.38)
where the imaginary superfield Va := 12(Ξa − Ξa) is introduced. Since the value of the infinitesimal
superspace diffeomorphism is now fixed (cf. Eq. (7.36)) the corresponding transformation has to be
applied to the other variations as well. Under an infinitesimal superspace diffeomorphism the variations
Hβα˙ and H
β˙α transform as
∆Hβα˙ = ξ
cTcβα˙ +Dβ ξ¯α˙ , (7.39)
∆H β˙α = ξcTc
β˙α +Dβ˙ξα . (7.40)
which leads to
Hβα˙ = +iσaβα˙RVa = +iRVβα˙ , (7.41)
H β˙α = −iσ¯β˙αa RVa = −iRVαβ˙ , (7.42)
where the explicit forms of Tcβα˙ and Tc
β˙α are used. Beside superspace diffeomorphisms, the variations
Hβ
α and H β˙ α˙ transform also under Lorentz transformations:
∆Hβ
α = Dβξα + L˜βα − δαβ ιξA , (7.43)
∆H β˙ α˙ = Dβ˙ ξ¯α˙ + L˜β˙ α˙ + δβ˙α˙ιξA . (7.44)
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By the following choice of L˜β
α
and L˜β˙ α˙,
L˜βα
(
= −1
2
∑
βα
(
Hβα +Dβξα
)
, L˜β˙α˙
(
= −1
2
∑
β˙α˙
(
Hβ˙α˙ +Dβ˙ ξ¯α˙
)
, (7.45)
the traceless parts of Hβ
α and H β˙ α˙ are eliminated:
Hβ
α =
1
2
δαβH , (7.46)
H β˙ α˙ =
1
2
δβ˙α˙H , (7.47)
where
H := −(Hαα +Dαξα + 2ιξA) , (7.48)
H := −(Hα˙α˙ +Dα˙ξ¯α˙ − 2ιξA) , (7.49)
are the conjugate of each other. Note that Eq. (7.45) also fixes the component L˜ba. In a last step the
variational form of the torsion constraint in Eq. (7.25) is solved. The variation of Tγ
β˙a is given by
0 = δTγ
β˙a = DγH β˙a +Dβ˙Hγa + Tγ β˙dHda
−HγδTδβ˙a −H β˙ δ˙T δ˙ aγ
= −DγDβ˙Va +Dβ˙DγVa + Tγβ˙dHda
− 1
2
H Tγ
β˙a − 1
2
H T β˙ aγ .
(7.50)
Here, Hb
a represents the variation after the transformation under the infinitesimal superspace diffeomor-
phism and Lorentz transformation specified in Eq. (7.36) and (7.45), respectively, i.e. Hb
a ≡ Hba+∆Hba.
This can be done without loss of generality, because the variation Hb
a is generic. From Eq. (7.50) follows
Tγ
β˙dHd
a = [Dγ ,Dβ˙]Va + 1
2
(H +H)Tγ
β˙a . (7.51)
This identity is written efficiently in terms of spinor indices:
Hββ˙ αα˙ = −
i
2
[Dβ ,Dβ˙]Vαα˙ − ǫβαǫβ˙α˙(H +H) . (7.52)
As discussed in Section 7.4, in the variation of the density E the supertrace of the variation HB
A appears.
The supertrace is calculated from Eq. (7.46), (7.47) and (7.52), and has the following value:
(−1)AHAA = i
4
[Dα,Dα˙]Vαα˙ +H +H . (7.53)
7.1.2 Torsion constraints II
In this section, the following torsion constraints from Eq. (4.1) are considered:
Tγb
a = 0 , (7.54)
T β˙γ α˙ = 0 , (7.55)
Tγβ
α = 0 . (7.56)
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To solve the variational versions of these constraints, it is convenient to define some new superfields:
Xb
a := Hb
a −DbVa , Xbα˙ := Hbα˙ − VcTcbα˙ ,
Xβ
α := Hβ
α − VcTcβα , X β˙ α˙ := H β˙ α˙ − VcT β˙c α˙ , (7.57)
ΠγB
A := φγB
A − VdRdγBA , Σγ := ωγ − VdFdγ .
In terms of spinor indices Xb
a and Πγa
b are written as
Xββ˙ αα˙ = −iDβDβ˙Vαα˙ − ǫβαǫβ˙α˙(H +H)− iǫβ˙α˙Vβγ˙Gαγ˙ − iǫβαVγ β˙Gγα˙ , (7.58)
Πγ ββ˙ αα˙ = +2ǫβ˙α˙Πγβα
(
− 2ǫβαΠγβ˙α˙
(
, (7.59)
where Eq. (7.52) is used to derive Eq. (7.58). According to Eq. (7.13), the variation of Tγb
a is given by
0 = δTγb
a = DγHba −DbHγa + TγbδHδa +Hbδ˙T δ˙ aγ + φγba
= Πγb
a +DγXba +Xbδ˙T δ˙ aγ − 2Tγbδ˙Dδ˙Va ,
(7.60)
with the solution
Xββ˙ α˙ = +
i
2
ǫβ˙α˙Dβ(H +H) +
1
4
DβDϕDα˙Vϕβ˙ −RDβ˙Vβα˙ , (7.61)
Πγβα
(
= +
i
4
Dγ
∑
βα
(
Gβ
ϕ˙Vαϕ˙
)−∑
βα
ǫγβDα
(1
2
(H +H) +
i
4
DϕDϕ˙Vϕϕ˙
)
, (7.62)
Πγβ˙α˙
(
= − i
4
Dγ
∑
β˙α˙
(DϕDβ˙Vϕα˙ −Gϕβ˙Vϕα˙) . (7.63)
Furthermore, the variation of T β˙γ α˙ has the form
0 = δT β˙γ α˙ = DγH β˙ α˙ +Dβ˙Hγα˙ + Tγβ˙dHdα˙ −HγdT β˙d α˙ −H β˙dTdγα˙ + φ β˙γ α˙ − δβ˙α˙ωγ
= Π β˙γ α˙ − δβ˙α˙Σγ + Tγβ˙dXdα˙ +DγX β˙ α˙ − 2(Dβ˙Vd)Tγdα˙ .
(7.64)
This equation is solved by
Σγ = −Dγ
(
H +
1
2
H +
i
4
DϕDϕ˙Vϕϕ˙ − i
2
VaGa
)
. (7.65)
An explicit calculation shows, that by using the expressions for Πγβ
α and Σγ stated in Eq. (7.62) and
(7.65), respectively, the equation
0 = δTγβ
α =
∑
γβ
(DγHβα −HγdTdβα + φγβα + δαβωγ)
=
∑
γβ
(
Πγβ
α + δαβΣγ +DγXβα
) (7.66)
is automatically fulfilled.
7.1.3 Torsion constraints III
The torsion constraints
T γ˙ ab = 0 , (7.67)
T γ˙ αβ = 0 , (7.68)
T γ˙β˙ α˙ = 0 , (7.69)
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are the conjugate versions of the ones in Eqs. (7.54)–(7.56). Again, it is convenient to introduce some
new superfields
Xb
a
:= Hb
a +DbVa , Xbα := Hbα + VcTcbα ,
Xβ
α
:= Hβ
α + VcTcβα , X β˙ α˙ := H β˙ α˙ + VcT β˙c α˙ , (7.70)
Πγ˙ AB := φ
γ˙ A
B + VdR γ˙ Ad B , Σγ˙ := ωγ˙ + VdFdγ˙ ,
where, in terms of spinor indices, Xb
a
and φγ˙ ab are written as
Xββ˙ αα˙ = +iDβ˙DβVαα˙ − ǫβαǫβ˙α˙(H +H) + iǫβ˙α˙Vβγ˙Gαγ˙ + iǫβαVγβ˙Gγα˙ , (7.71)
Πγ˙ββ˙ αα˙ = +2ǫβ˙α˙Π
γ˙
βα
(
− 2ǫβαΠγ˙ β˙α˙
(
, (7.72)
by using Eq. (7.52) to derive (7.71). The equation corresponding to the variation of T γ˙ ab , namely
0 = δT γ˙ ab = Dγ˙Hba −DbH γ˙a + T γ˙ δb Hδa +HbδTδγ˙a + φγ˙ ab
= Πγ˙ ab +Dγ˙Xb
a
+Xb
δ
Tδ
γ˙a + 2T γ˙ δb DδVa ,
(7.73)
is solved by
Xββ˙ α = −
i
2
ǫβαDβ˙(H +H) +
1
4
Dβ˙Dϕ˙DαVβϕ˙ +RDβVαβ˙ , (7.74)
Πγ˙β˙α˙
(
= − i
4
Dγ˙
∑
β˙α˙
(
Gϕβ˙Vϕα˙
)
+
∑
β˙α˙
ǫγ˙β˙Dα˙
(1
2
(H +H)− i
4
Dϕ˙DϕVϕϕ˙
)
, (7.75)
Πγ˙βα
(
= − i
4
Dγ˙
∑
βα
(Dϕ˙DβVαϕ˙ +Gβϕ˙Vαϕ˙) . (7.76)
In addition, the variation of T γ˙ αβ is given by
0 = δT γ˙ αβ = Dγ˙Hβα +DβH γ˙α + T γ˙ dβ Hdα −H γ˙dTdβα −HβdTdγ˙α + φγ˙ αβ + δαβωγ˙
= Πγ˙ αβ + δ
α
βΣ
γ˙ + Tβ
γ˙dXd
α
+Dγ˙Xβα + 2(DβVd)T γ˙ αd ,
(7.77)
with the solution
Σγ˙ = +Dγ˙
(
H +
1
2
H − i
4
Dϕ˙DϕVϕϕ˙ − i
2
VaGa
)
. (7.78)
Finally, the equation
0 = δT γ˙β˙ α˙ =
∑
γ˙β˙
(Dγ˙H β˙ α˙ −H γ˙dT β˙d α˙ + φγ˙β˙ α˙ − δβ˙α˙ωγ˙)
=
∑
γ˙β˙
(
Πγ˙β˙ α˙ − δβ˙α˙Σγ˙ +Dγ˙X β˙ α˙
) (7.79)
is automatically fulfilled, by plugging in Eq. (7.75) and (7.78) for Πγ˙β˙ α˙ and Σ
γ˙ , respectively.
7.1.4 Variation of R and R
In this section the variation of the superfields R and R are derived, by using the expressions for HB
A
from above. The superfield R appears in the component T γ˙ αb of the torsion tensor (cf. Eq. (4.103)) and
can be expressed as
R = − i
8
σbαγ˙T
γ˙ α
b = +
i
8
T β˙αβ˙α . (7.80)
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According to Eq. (7.13), the variation of T γ˙ αb reads
δT γ˙ αb = Dγ˙Hbα −DbH γ˙α + T γ˙ δb Hδα −H γ˙dTdbα −H γ˙δTδbα +HbdTdγ˙α , (7.81)
which implies
δT β˙αβ˙α = −4iVαβ˙(Dαβ˙R) + 8iRH − 4RVαβ˙Gαβ˙ + iD¯2(H +H) +
1
2
D¯2Dβ˙DαVαβ˙ , (7.82)
by using spinor notation. Thus, from Eq. (7.80) follows that the variation of R is given by
δR = −(VaDa +H − iVaGa)R − 1
8
D¯2
(
H +H − i
2
Dϕ˙DϕVϕϕ˙
)
. (7.83)
In a similar way the variation of the superfield R is derived, which is contained in the component Tγbα˙
of the torsion tensor (cf. Eq. (4.102)). It can be written as
R = − i
8
σ¯bα˙γTγbα˙ = +
i
8
T β α˙β α˙ . (7.84)
The variation of Tγbα˙ is given by
δTγbα˙ = DγHbα˙ −DbHγα˙ + TγbδHδα˙ −HγdTdbα˙ −HγδTδbα˙ +HbdTdγα˙ , (7.85)
from which follows that
δT β α˙β α˙ = +4iVβα˙(Dβα˙R) + 8iRH − 4RVβα˙Gβα˙ + iD2(H +H)−
1
2
D2DβDα˙Vβα˙ . (7.86)
Therefore, according to Eq. (7.84), the variation of R reads
δR = +(VaDa −H + iVaGa)R − 1
8
D2
(
H +H +
i
2
DϕDϕ˙Vϕϕ˙
)
. (7.87)
The variations δR and δR are used Section 7.4, where the variation of the action is considered. In
principle, the variation of the superfields Ga, Wγβα
(
and Wγ˙β˙α˙
(
can be derived from the expressions of
δTγb
α, δTcb
α and δTcbα˙. However, this calculation not done here, because there is no further use for these
quantities.
7.2 Variation of the Yang-Mills field strength
Beside the supervielbein and the Lorentz connection, another basic object in Ka¨hler superspace with
a Yang-Mills gauge symmetry is the Yang-Mills connection A = A(r)T (r). The variations of A, which
determine the variations of the Yang-Mills field strength F , must be compatible with the covariant
constraints of FBA. Thus, the variational version of the constraint equations have to be solved. The
infinitesimal variation of the component A(r) has the general form
δA(r) = dzMδAM (r) . (7.88)
This can also be written as
δA(r) = Γ(r) , with Γ(r) = EAΓA(r) , ΓA(r) = EAMδAM (r) , (7.89)
where the 1-superform Γ(r) is introduced, which parametrizes δA(r). By using the expression of the
Yang-Mills field strength from Eq. (5.28), and by applying Eq. (7.89), the infinitesimal variation of F (r)
is given by
δF (r) = δ(dA(r) + i
2
A(p) ∧ A(q)c(p)(q)(r)
)
= d(δA(r)) + i
2
(δA(p)) ∧ A(q)c(p)(q)(r) +
i
2
A(p) ∧ (δA(q))c(p)(q)(r)
= dΓ(r) + iΓp ∧ Aqc(p)(q)(r)
= DΓ(r) .
(7.90)
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If the last term in Eq. (7.90) is written explicitly as a 2-superform, namely
DΓ(r) = EA ∧ DΓA(r) + TAΓA(r)
=
1
2
EA ∧ EB(DBΓA(r) − (−1)BADAΓB(r) + TBACΓC (r)) , (7.91)
and the variation of the field strength is expanded as
δF (r) = δ
(1
2
EA ∧EBFBA(r)
)
=
1
2
(HA ∧ EB +EA ∧HB)FBA(r) + 1
2
EA ∧ EBδFBA(r)
=
1
2
EA ∧EB(HBCFCA(r) − (−1)BAHACFCB(r) + δFBA(r)) ,
(7.92)
the variation of the field strength components can be read off:
δFBA(r) = DBΓA(r) − (−1)BADAΓB(r) + TBACΓC (r)
−HBCFCA(r) + (−1)BAHACFCB(r) .
(7.93)
There is the freedom to use a Yang-Mills gauge transformation to bring the variation to a more convenient
form. Furthermore, the Yang-Mills connection is also affected by superspace diffeomorphisms. Under an
infinitesimal Yang-Mills transformation, parametrized by α(r) where iα(r)T (r) ∈ g, and an infinitesimal
superspace diffeomorphism ξ the connection transforms as
δ˜A(r) = LξA(r) + α(p)A(q)c(p)(q)(r) − idα(r)
= ιξF (r) − iD(α(r) + iιξA(r)) .
(7.94)
With the definition
∆Γ(r) := δ˜A(r) , (7.95)
follows
∆ΓA
(r) = ξBFBA(r) − iDAα˜(r) , (7.96)
where α˜(r) := α(r) + iιξA(r). Since ξ has already been fixed in Eq. (7.36), in the following calcula-
tions ΓA
(r) represents the generic variation after the transformation under the infinitesimal superspace
diffeomorphism. Thus Eq. (7.96) takes the form
∆ΓA
(r) = −iDAα˜(r) . (7.97)
7.2.1 Field strength constraints
According to Eq. (5.60) the following field strength components vanish:
Fβα(r) = 0 , (7.98)
F β˙α˙(r) = 0 . (7.99)
By using Eq. (7.93), the variational versions of these equations are written as
0 = δFβα(r) =
∑
βα
(DβΓα(r) −HβdFdα(r)) , (7.100)
0 = δF β˙α˙(r) =
∑
β˙α˙
(Dβ˙Γα˙(r) −H β˙dFdα˙(r)) , (7.101)
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and have the solutions
Γα
(r) = +DαΞ(r) + VdFdα(r) , (7.102)
Γα˙(r) = −Dα˙Ξ(r) − VdFdα˙(r) , (7.103)
where the superfields Ξ(r) and Ξ(r) are introduced ((Ξ(r))∗ = Ξ(r)). According to Eq. (7.97), the variations
Γα
(r) and Γα˙(r) transform as
∆Γα
(r) = −iDαα˜(r) , (7.104)
∆Γα˙(r) = −iDα˙α˜(r) , (7.105)
under an infinitesimal Yang-Mills transformation. Thus, the following choice of α˜(r),
α˜(r) = − i
2
(Ξ(r) − Ξ(r)) , (7.106)
leads to
Γα
(r) = +DαΣ(r) + VdFdα(r) , (7.107)
Γα˙(r) = −Dα˙Σ(r) − VdFdα˙(r) , (7.108)
with the real superfield Σ(r) := 12(Ξ
(r) + Ξ(r)).
The remaining constraint of the strength components stated in Eq. (5.60) is the following
Fβα˙(r) = 0 , (7.109)
which implies
0 = δFβα˙(r) = DβΓα˙(r) +Dα˙Γβ(r) + Tβα˙dΓd(r) −HβdFdα˙(r) −H α˙dFdβ (r)
= DβΓα˙(r) +Dα˙Γβ(r) + Tβα˙dΓd(r) −DβVdFdα˙(r) +Dα˙VdFdβ (r) .
(7.110)
It is convenient for later calculations to write the solution of this equation in two different ways, by
introducing the two superfields
Λa
(r) := Γa
(r) −DaΣ(r) − VbFba(r) , (7.111)
Λ˜a
(r)
:= Γa
(r) +DaΣ(r) + VbFba(r) , (7.112)
where (Λa
(r))∗ = −Λ˜a(r). Using spinor notation, the solution is given by
Λαα˙
(r) = iDαΓα˙(r) + i(Dα˙Vb)Fbα(r) , (7.113)
which is equivalent to
Λ˜αα˙
(r)
= iDα˙Γα(r) − i(DαVb)Fbα˙(r) . (7.114)
7.2.2 Variation of Wα and W α˙
In this section the variations of the superfields Wα(r) and W α˙(r) are derived, by using the expressions
for Γα
(r) and Γα˙(r) from the previous section. The superfield Wα(r) appears in the component F β˙ (r)a of
the Yang-Mills field strength (cf. Eq. (5.85)) and can be expressed as
Wα(r) = − i
4
σa
αβ˙
F β˙ (r)a = −
i
4
F α˙ (r)αα˙ . (7.115)
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According to Eq. (7.93), the variation of F β˙ (r)a is given by
δF β˙ (r)a = Dβ˙Γa(r) −DaΓβ˙(r) + T β˙ γa Γγ (r) + T β˙aγ˙Γγ˙(r)
−H β˙cFca(r) −H β˙γFγa(r) −H β˙ γ˙F γ˙ (r)a +HacFcβ˙(r) ,
(7.116)
which implies
δF α˙ (r)αα˙ = −4iVbDbWα(r) − 4i
(
H +
1
2
H
)Wα(r) + 4ΣpWα(q)c(p)(q)(r)
− 2(Dβ˙DαVββ˙)Wβ(r) + 2Vαβ˙Gββ˙Wβ(r) − i(D¯2 − 8R)Γα(r) ,
(7.117)
using spinor notation. Thus, from Eq. (7.115) follows that the variation of Wα(r) is given by
δWα(r) = −
(
VbDb +H + 1
2
H
)
Wα(r) − iΣpWα(q)c(p)(q)(r)
+
i
2
(Dβ˙DαVββ˙ − Vαβ˙Gββ˙)Wβ(r) − 14(D¯2 − 8R)Γα(r) .
(7.118)
In a similar way the variation of the superfield W α˙(r) is derived, which is contained in the component
Fβa(r) of the field strength (cf. Eq. (5.84)). It can be written as
W α˙(r) = + i
4
σ¯aα˙βFβa(r) = + i
4
Fααα˙ (r) . (7.119)
The variation of Fβa(r) is given by
δFβa(r) = DβΓa(r) −DaΓβ(r) + TβaγΓγ(r) + Tβaγ˙Γγ˙(r)
−HβcFca(r) −HβγFγa(r) −Hβγ˙F γ˙ (r)a +HacFcβ(r) ,
(7.120)
from which follows that
δFααα˙ (r) = −4iVbDbW α˙(r) + 4i
(
H +
1
2
H
)W α˙(r) + 4Σ(p)W α˙(q)c(p)(q)(r)
− 2(DβDα˙Vββ˙)W β˙(r) − 2Vβα˙Gββ˙W β˙(r) − i(D2 − 8R)Γα˙(r) .
(7.121)
Therefore, according to Eq. (7.119), the variation of W α˙(r) reads
δW α˙(r) = +
(
VbDb −H − 1
2
H
)
W α˙(r) + iΣ(p)W α˙(q)c(p)(q)(r)
− i
2
(DβDα˙Vββ˙ + Vβα˙Gββ˙)W β˙(r) + 14(D2 − 8R)Γα˙(r) .
(7.122)
The variations ofWα(r) andW α˙(r) are used Section 7.4 where the variation of the action in the Yang-Mills
sector is considered.
7.3 Variation of the matter superfields
The variations of the matter superfields have to be compatible with the condition, that φk and φ¯k¯ are a
chiral and an antichiral superfield, respectively. Thus, the variational versions of these constraints have
to be considered. The general infinitesimal variations of the matter superfields are written as δφk and
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δφ¯k¯. The infinitesimal variations of their covariant derivatives are then given by
δDφk = δ(dφk −A(r)(T (r)φ)k)
= d(δφk)− (δA(r))(T (r)φ)k −A(r)(T (r)δφ)k
= D(δφk)− Γ(r)(T (r)φ)k ,
(7.123)
δDφ¯k¯ = δ(dφ¯k¯ +A(r)(φ¯T (r))k¯)
= d(δφ¯k¯) + (δA(r))(φ¯T (r))k¯ +A(r)(δφ¯T (r))k¯
= D(δφ¯k¯) + Γ(r)(φ¯T (r))k¯ .
(7.124)
On the other hand δDφk and δDφ¯k¯ can also be evaluated as follows
δDφk = (δEA)DAφk + EA(δDAφk)
= EA(HA
BDBφk + δDAφk) ,
(7.125)
δDφ¯k¯ = (δEA)DAφ¯k¯ + EA(δDAφ¯k¯)
= EA(HA
BDBφ¯k¯ + δDAφ¯k¯) ,
(7.126)
which leads to expressions
δDAφk = DA(δφk)− ΓA(r)(T (r)φ)k −HABDBφk , (7.127)
δDAφ¯k¯ = DA(δφ¯k¯) + ΓA(r)(φ¯T (r))k¯ −HABDBφ¯k¯ . (7.128)
7.3.1 Chirality constraints
The matter superfields φk and φ¯k¯ fulfil the chirality constraints
Dα˙φk = 0 , Dαφ¯k¯ = 0 . (7.129)
According to Eq. (7.127) and (7.128), the variational versions of these constraints are given by
0 = δDα˙φk = Dα˙(δφk)− Γα˙(r)(T (r)φ)k −H α˙BDBφk
= Dα˙(δφk +Σ(r)(T (r)φ)k + VbDbφk)
= Dα˙ηk ,
(7.130)
0 = δDαφ¯k¯ = Dα(δφ¯k¯) + Γα(r)(φ¯T (r))k¯ −HαBDBφ¯k¯
= Dα
(
δφ¯k¯ +Σ(r)(φ¯T (r))
k¯ − VbDbφ¯k¯
)
= Dαη¯k¯ ,
(7.131)
with the definitions
ηk := δφk +Σ(r)(T (r)φ)
k + VbDbφk , (7.132)
η¯k¯ := δφ¯k¯ +Σ(r)(φ¯T (r))
k¯ − VbDbφ¯k¯ . (7.133)
From Eq. (7.130) and (7.131) follows that ηk and η¯k¯ are chiral and antichiral, respectively. Thus, they
can be written in terms of the unconstrained superfields ζk and ζ¯ k¯ by using the projection operators
(D¯2 − 8R) and (D2 − 8R) from Section 5.3:
ηk = (D¯2 − 8R)ζk , (7.134)
η¯k¯ = (D2 − 8R)ζ¯ k¯ . (7.135)
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7.3.2 Variation of the Ka¨hler connection
In Ka¨hler superspace the Ka¨hler connection A is not a basic object, but rather a function of the matter
superfields, and in particular of the Ka¨hler potential. In this section, the variations of the spinor
components Aα and A
α˙ are related to the variation of K, and finally to the variations of φk and φ¯k¯.
According to Eq. (7.6), the general infinitesimal variation of A is parametrized by the 1-superform ω,
namely
δA = ω , with ω = EAωA . (7.136)
On the other hand, δA can also be written as
δA = δ(EAAA) = (δE
A)AA + E
A(δAA) = E
AHA
BAB + E
A(δAA) , (7.137)
therefore
0 = ωA − δAA −HABAB . (7.138)
In Ka¨hler superspace the components Aα and A
α˙ are identified with derivatives of the Ka¨hler potential
K, as stated in Eq. (6.45) and (6.46):
Aα = +
1
4
DαK = +
1
4
Eα
M∂MK , (7.139)
Aα˙ = −1
4
Dα˙K = −1
4
Eα˙M∂MK . (7.140)
The variations of Aα and A
α˙ are thus determined by the variation of EA and K, and are given by
δAα = +
1
4
(δEα
M )∂MK +
1
4
Eα
Mδ(∂MK)
= −1
4
Hα
BEB
M∂MK +
1
4
Eα
M∂M (δK) ,
(7.141)
δAα˙ = −1
4
(δEα˙M )∂MK − 1
4
Eα˙Mδ(∂MK)
= +
1
4
H α˙BEB
M∂MK − 1
4
Eα˙M∂M (δK) .
(7.142)
Plugging these two identities into Eq. (7.138) leads to
0 = ωα −HαB
(
AB − 1
4
DBK
)
− 1
4
Dα(δK) , (7.143)
0 = ωα˙ −H α˙B
(
AB +
1
4
DBK
)
+
1
4
Dα˙(δK) . (7.144)
With the expressions for Hα
B and H α˙B from the previous sections, and with ωα = Σα + VbFbα and
ωα˙ = Σα˙ − VbFbα˙ (cf. Eq. (7.57) and (7.70)), where the components of the Ka¨hler field strength have
the explicit form
Fbα = DbAα −DαAb − TαbγAγ , (7.145)
Fb
α˙ = DbAα˙ −Dα˙Ab − T α˙ γb Aγ , (7.146)
Eq. (7.143) and (7.144) imply
Σα = +Dα
(1
4
δK + VaAa − 1
4
VaDaK
)
, (7.147)
Σα˙ = −Dα˙
(1
4
δK + VaAa + 1
4
VaDaK
)
. (7.148)
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On the other hand, Eq. (7.65) and (7.78) state that
Σα = −Dα
(
H +
1
2
H +
i
4
DϕDϕ˙Vϕϕ˙ − i
2
VaGa
)
, (7.149)
Σα˙ = +Dα˙
(
H +
1
2
H − i
4
Dϕ˙DϕVϕϕ˙ − i
2
VaGa
)
, (7.150)
which implies the following identities
0 = Dα
(
H +
1
2
H +
1
4
δK +
i
4
DϕDϕ˙Vϕϕ˙ + Va
(
Aa − i
2
Ga
)− 1
4
VaDaK
)
, (7.151)
0 = Dα˙
(
H +
1
2
H +
1
4
δK − i
4
Dϕ˙DϕVϕϕ˙ + Va
(
Aa − i
2
Ga
)
+
1
4
VaDaK
)
. (7.152)
In order that the equations in Eq. (7.151) and (7.152) are fulfilled, the terms in the corresponding
brackets have to vanish up to an antichiral and a chiral superfield, respectively. The antichiral and the
chiral superfield can be written in terms of unconstrained superfields U , U , where U∗ = U , by applying
the projection operators (D2 − 8R) and (D¯2 − 8R) from Section 5.3. The identities in Eq. (7.151) and
(7.152) are then equivalent to the expressions
H +
1
2
H = −1
4
δK − i
4
DϕDϕ˙Vϕϕ˙ − Va
(
Aa − i
2
Ga
)
+
1
4
VaDaK + (D2 − 8R)U , (7.153)
H +
1
2
H = −1
4
δK +
i
4
Dϕ˙DϕVϕϕ˙ − Va
(
Aa − i
2
Ga
)
− 1
4
VaDaK + (D¯2 − 8R)U . (7.154)
Since the Ka¨hler potential is a function of the matter superfields, the variation δK can be expressed in
terms of the variations δφk and δφ¯k¯, namely
δK = Kkδφ
k +Kk¯δφ¯
k¯ . (7.155)
Furthermore, according to Eq. (6.49) the vector component of the Ka¨hler connection is given by
Aa =
1
4
(KkDaφk −Kk¯Daφ¯k¯) +
3i
2
Ga +
i
8
gkk¯σ¯
α˙α
a DαφkDα˙φ¯k¯ . (7.156)
By using these to identities, Eq. (7.153) and (7.154) take the form
H +
1
2
H = − i
4
DϕDϕ˙Vϕϕ˙ − 1
4
(Kkδφ
k −Kk¯δφ¯k¯ + 2Σ(r)G(r))
− iVaGa − i
8
Vaσ¯α˙αa gkk¯DαφkDα˙φ¯k¯
− 2gkk¯F k ζ¯ k¯ + gkk¯DϕφkDϕζ¯ k¯ + (D2 − 8R)Z ,
(7.157)
H +
1
2
H = +
i
4
Dϕ˙DϕVϕϕ˙ + 1
4
(Kkδφ
k −Kk¯δφ¯k¯ − 2Σ(r)G(r))
− iVaGa − i
8
Vaσ¯α˙αa gkk¯DαφkDα˙φ¯k¯
− 2gkk¯F k¯ζk + gkk¯Dϕ˙φ¯k¯Dϕ˙ζk + (D¯2 − 8R)Z ,
(7.158)
where the superfields Z := U − 12Kk¯ζ¯ k¯ and Z := U − 12Kkζk are introduced, and G(r) is the Killing
potential defined in Eq. (6.41). The terms H + 12H and H +
1
2H appear in the variation of the action in
Section 7.4.
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7.4 Variation of the action
The action S of the supergravity/matter/Yang-Mills system has the form
S = Ssupergravity+matter + Ssuperpotential + SYang-Mills , (7.159)
where the individual parts are listed in Eq. (6.170), (6.172) and (6.181). All these expressions contain
the real density E, namely the superdeterminant of the components of the supervielbein. According to
Eq. (3.42), the variation of E reads
δE = (−1)ME(δEMA)EAM
= (−1)MEEMBHBAEAM
= (−1)AEEAMEMBHBA
= (−1)AEHAA ,
(7.160)
where the expression for the supertrace (−1)AHAA is stated in Eq. (7.53), thus
δE = E
( i
4
[Dα,Dα˙]Vαα˙ +H +H
)
. (7.161)
The variation of an action written in terms of the real density E and a real superfield Θ, as in Eq. (6.164),
is then given by
δ
∫
∗
EΘ =
∫
∗
(δE)Θ +
∫
∗
E(δΘ)
=
∫
∗
E(H +H)Θ +
∫
∗
E(δΘ) .
(7.162)
Note that according to Eq. (4.169) the first term in Eq. (7.161) vanishes if the integration over the whole
superspace is performed. On the other hand, if the action is written in terms of the chiral density ER and
a chiral superfield Ξ with w(Ξ) = +2, as in Eq. (6.165), then the variation has the form
δ
∫
∗
E
R
Ξ =
∫
∗
(δE
R
Ξ− E
R2
(δR)Ξ +
E
R
δΞ
)
=
∫
∗
E
R
(
(δΞ + VaDaΞ) + (H + 2H − iVaGa)Ξ
)
,
(7.163)
δ
∫
∗
E
R
Ξ =
∫
∗
(δE
R
Ξ− E
R2
(δR)Ξ +
E
R
δΞ
)
=
∫
∗
E
R
(
(δΞ − VaDaΞ) + (H + 2H − iVaGa)Ξ
)
,
(7.164)
where the expressions for δR and δR from Eq. (7.83) and (7.87) are used, and Ξ = Ξ∗.
7.4.1 Supergravity+matter part
According to Eq. (6.170), the action of the supergravity+matter part is constructed by using the real
density E and the real superfield Θ, which in this case is just a constant:
Θsupergravity+matter = −3 . (7.165)
Thus, from Eq. (7.162) follows that the variation is given by
δSsupergravity+matter = −3
∫
∗
E(H +H) , (7.166)
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where the term (H +H) is evaluated by taking the sum of Eq (7.157) and (7.158):
3
2
(H +H) =
i
4
[Dϕ˙,Dϕ]Vϕϕ˙ − Σ(r)G(r) − 2iVaGa −
i
4
Vaσ¯α˙αa gkk¯DαφkDα˙φ¯k¯
− 2gkk¯F k ζ¯ k¯ + gkk¯DϕφkDϕζ¯ k¯ − 2gkk¯F k¯ζk + gkk¯Dϕ˙φ¯k¯Dϕ˙ζk
+ (D2 − 8R)Z + (D¯2 − 8R)Z .
(7.167)
Neglecting total derivative terms, the variation of the supergravity+matter part reads
δSsupergravity+matter = +4i
∫
∗
E Va
(
Ga +
1
8
σ¯α˙αa gkk¯DαφkDα˙φ¯k¯
)
+ 16
∫
∗
E Z R+ 16
∫
∗
E Z R
− 4
∫
∗
E gkk¯F
k ζ¯ k¯ − 4
∫
∗
E gkk¯F
k¯ζk
+ 2
∫
∗
E Σ(r)G(r) .
(7.168)
7.4.2 Superpotential part
According to Eq. (6.172), the superpotential part of the action is written in terms of the chiral density
E
R , and the chiral superfield Ξ and its conjugate Ξ, which are given by
Ξsuperpotential = e
K/2W , (7.169)
Ξsuperpotential = e
K/2W , (7.170)
with the variations
δΞsuperpotential =
1
2
eK/2
(
(δK)W + 2δW
)
, (7.171)
δΞsuperpotential =
1
2
eK/2
(
(δK)W + 2δW
)
. (7.172)
Using the identities
δK = Kkδφ
k +Kk¯δφ¯
k¯ , (7.173)
δW =Wkδφ
k , δW =W k¯δφ¯
k¯ , (7.174)
and neglecting total derivative terms, Eq. (7.163) and (7.164) imply
δSsuperpotential = δ 1
2
∫
∗
E
R
Ξsuperpotential + δ
1
2
∫
∗
E
R
Ξsuperpotential , (7.175)
where
δ
1
2
∫
∗
E
R
Ξsuperpotential = −8
∫
∗
E Z eK/2W − 4
∫
∗
E ζkeK/2(KkW +Wk) , (7.176)
δ
1
2
∫
∗
E
R
Ξsuperpotential = −8
∫
∗
E Z eK/2W − 4
∫
∗
E ζ¯ k¯eK/2(Kk¯W +W k¯) . (7.177)
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7.4.3 Yang-Mills part
Like the superpotential part, the Yang-Mills part of the action is constructed by using the chiral density
and the superfields Ξ and Ξ, which have the following form (cf. Eq. (6.181)):
ΞYang-Mills =
1
4
f(r)(s)Wα(r)Wα(s) , (7.178)
ΞYang-Mills =
1
4
f¯(r)(s)Wα˙(r)W α˙(s) . (7.179)
The corresponding variations read
δΞYang-Mills =
1
4
(δf(r)(s))Wα(r)Wα(s) +
1
2
f(r)(s)Wα(r)(δWα(s)) , (7.180)
δΞYang-Mills =
1
4
(δf¯(r)(s))Wα˙(r)W α˙(s) +
1
2
f¯(r)(s)Wα˙(r)(δW α˙(s)) , (7.181)
where
δf(r)(s) =
∂f(r)(s)
∂φk
δφk , δf¯(r)(s) =
∂f¯(r)(s)
∂φ¯k¯
δφ¯k¯ , (7.182)
and the expressions for δWα(s) and δW α˙(s) are stated in Eq. (7.118) and (7.122), respectively. Neglecting
total derivative terms, the variation of the Yang-Mills part of the action is then given by
δSYang-Mills = δ 1
2
∫
∗
E
R
ΞYang-Mills + δ
1
2
∫
∗
E
R
ΞYang-Mills , (7.183)
with
δ
1
2
∫
∗
E
R
ΞYang-Mills = −1
2
∫
∗
E Σ(r)
(
f(r)(s)DαWα(s) +
∂f(r)(s)
∂φk
DαφkWα(s)
)
− i
2
∫
∗
E f(r)(s)Vaσaαα˙Wα(r)W α˙(s)
−
∫
∗
E ζk
∂f(r)(s)
∂φk
Wα(r)Wα(s) ,
(7.184)
δ
1
2
∫
∗
E
R
ΞYang-Mills = −1
2
∫
∗
E Σ(r)
(
f¯(r)(s)Dα˙W α˙(s) +
∂f¯(r)(s)
∂φ¯k¯
Dα˙φ¯k¯W α˙(s)
)
− i
2
∫
∗
E f¯(r)(s)Vaσaαα˙Wα(r)W α˙(s)
−
∫
∗
E ζ¯ k¯
∂f¯(r)(s)
∂φ¯k¯
Wα˙(r)W α˙(s) .
(7.185)
7.4.4 Superfield equations of motion
The variation of the action S is given by
δS = δSsupergravity+matter + δSsuperpotential + δSYang-Mills , (7.186)
where the expressions for the variations of the supergravity+matter, the superpotential and the Yang-
Mills part are stated in Eq. (7.168), (7.175) and (7.183), respectively. The equations of motion at the
superfield level are obtained from the condition δS = 0. The variation of S vanishes if and only if
the variation of the integrand of the superspace integral
∫
∗
vanishes up to total derivatives terms. The
calculations in the previous sections showed that the variations of the supervielbein, the Lorentz and
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Yang-Mills connection, and the matter superfields are highly restricted by the covariant constraints in
Ka¨hler superspace. In addition, the degrees of freedom are further reduced by applying a compensating
superspace diffeomorphism, and a compensating Lorentz and Yang-Mills transformation. It turned out
that the variations can completely be parametrized by the (unconstrained) superfields Z, Z, Va, ζ¯ k¯,
ζk, Σ(r). The variation of S with respect to each of these superfields has to vanish separately. The
corresponding equations of motion are listed in the following:
• Variation Z:
R− 1
2
eK/2W = 0 (7.187)
• Variation Z:
R− 1
2
eK/2W = 0 (7.188)
• Variation Va:
Ga +
1
8
gkk¯σaαα˙DαφkDα˙φ¯k¯ −
1
4
Re f(r)(s)σaαα˙Wα(r)W α˙(s) = 0 (7.189)
• Variation ζ¯ k¯:
gkk¯F
k + eK/2Dk¯W +
1
4
∂f¯(r)(s)
∂φ¯k¯
Wα˙(r)W α˙(s) = 0 (7.190)
• Variation ζk:
gkk¯F
k¯ + eK/2DkW +
1
4
∂f(r)(s)
∂φk
Wα(r)Wα(s) = 0 (7.191)
• Variation Σ(r):
Re f(r)(s)D
(s) −Kk(T (r)φ)k −
1
4
(∂f(r)(s)
∂φk
DαφkWα(s) +
∂f¯(r)(s)
∂φ¯k¯
Dα˙φ¯k¯W α˙(s)
)
= 0 (7.192)
In Eq. (7.190) and (7.191) the derivatives Dk¯W :=W k¯ +WKk¯ and DkW :=Wk +WKk are used.
8 Component field formalism
8.1 Definition of component fields
In supersymmetric theories, component fields come along in so called supermultiplets which form irre-
ducible representations with respect to the super-Poincare´ algebra (see e.g. [3]). Supermultiplets are
considered either on-shell or off-shell, depending on whether the component fields fulfil the equations of
motion or not. A well known property of a supermultiplet, either on-shell or off-shell, is that it contains
the same number of bosonic and fermionic degrees of freedom. On the other hand, the equations of mo-
tion eliminate a different number of degrees of freedom for fields with different spin. Hence, an off-shell
supermultiplet contains not only the physical fields which are present in the on-shell formulation of the
supermultiplet, but also additional fields, so called auxiliary fields. The equations of motion of these
fields are purely algebraic, i.e. they have no kinetic term, such that the corresponding degrees of freedom
vanish on-shell. In the present superspace formulation of supergravity, supersymmetry is implemented
off-shell, which is appropriate if the theory gets quantized.
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The action at the component field level in Section 8.5 contains three different supermultiplets, namely
the minimal supergravity multiplet, the matter (chiral) multiplet, and the Yang-Mills (vector) multiplet
in Wess-Zumino gauge.16 An overview of these supermultiplets is given below. They are written in the
form
(
physical
∣∣ auxiliary ), where on the left-hand side of the bar the physical fields are listed, and
on the right-hand side the auxiliary fields are specified. Furthermore, b and f stand for bosonic and
fermionic (off-shell) real degrees of freedom, respectively.
• Supergravity multiplet:
The off-shell minimal supergravity multiplet consists of the graviton em
a, the gravitino ψm
α and
its conjugate ψ¯mα˙, and the auxiliary fields M , its conjugate M , and ba:
(
em
a , ψm
α (ψ¯mα˙)
∣∣M (M) , ba)


em
a 6b graviton
ψm
α (ψ¯mα˙) 12 f gravitino
M (M ) 2b complex scalar
ba 4b real vector
(8.1)
Note that six degrees of freedom of the graviton are removed by local Lorentz transformations and
four are removed by spacetime diffeomorphism transformations. In the case of the gravitino, four
degrees of freedom are removed by supergravity transformations. Furthermore, other supergrav-
ity multiplets, like the new minimal or the non-minimal multiplet, contain the graviton and the
gravitino as well, but a different set of auxiliary fields (see e.g. [5]). The supergravity multiplet is
real.
• Matter multiplet:
The off-shell matter (chiral) multiplet consists of a complex scalar ϕk, the corresponding Weyl
fermion χkα and an auxiliary field F
k:
(
ϕk , χkα
∣∣ F k)


ϕk 2b complex scalar
χkα 4 f Weyl spinor
F k 2b complex scalar
(8.2)
The conjugate multiplet
(
ϕ¯k¯ , χ¯k¯α˙
∣∣ F k¯) contains the conjugated component fields. Note that the
matter multiplet is complex.
• Yang-Mills multiplet:
In Wess-Zumino gauge the off-shell Yang-Mills (vector) multiplet consists of a gauge boson am
(r),
the corresponding gaugino λα
(r) and its conjugate λ¯α˙(r), and an auxiliary field D(r):
(
am
(r) , λα
(r) (λ¯α˙(r))
∣∣ D(r))


am
(r) 3b vector boson
λα
(r) (λ¯α˙(r)) 4 f Weyl spinor
D(r) 1b real scalar
(8.3)
Note that one degree of freedom of the vector boson is removed by gauge transformations. The
Yang-Mills multiplet is real.
In the context of superspace, a component field is identified as the lowest component of a superfield,
i.e. the component which does not contain any anti-commuting coordinates θµ or θ¯µ˙. Supergravity
transformations of the component fields are then defined by the supergravity transformations at the
superfield level. Since the supergravity transformation contains only covariant objects, the component
16The Wess-Zumino gauge of a vector multiplet is only present in gauge theories, where a particular chiral gauge trans-
formation can be used to reduce the number of auxiliary fields.
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fields are present as lowest components in a chain of covariant derivatives, applied on the superfield
which contains the lowest component of the supermultiplet. In Section 8.1.1 projection operators, which
project to lowest superspace components, are introduced. These operators are then used in Section 8.1.2
and 8.1.3 to define the supergravity, the matter and the Yang-Mills multiplet.
8.1.1 Projection to lowest superspace components
For a superfield Φ(xm, θµ, θ¯µ˙) = φ00(x
m) +O(θµ, θ¯µ˙), where O(θµ, θ¯µ˙) indicates terms with at least one
θµ or θ¯µ˙, the so called bar projection | is given by
Φ(xm, θµ, θ¯µ˙)| := φ00(xm) . (8.4)
If Ψ is another superfield, the bar projection is compatible with multiplication:
(ΦΨ)| = Φ|Ψ| . (8.5)
Furthermore, for a p-superform ω, i.e.
ω =
1
p!
dzM1 ∧ ... ∧ dzMpωMp...M1 , (8.6)
the so called double bar projection ‖ is defined as
ω‖ := dxm1 ∧ ... ∧ dxmpωmp...m1 | . (8.7)
If ω and τ are two pure superforms, the double bar projection is compatible with the wedge product,
namely
(ω ∧ τ)‖ = ω‖ ∧ τ‖ . (8.8)
8.1.2 Supergravity multiplet
The double bar projection of the vector component Ea of the supervielbein identifies the vielbein ea of
ordinary spacetime
Ea‖ = dzmEma| := dzmema =: ea , (8.9)
where em
a is the graviton. Since EM
A is invertible (EM
AEA
N = δNM ), Em
a must be invertible too
(Em
aEa
n = δnm), thus
em
aea
n = Em
a|Ean| = (EmaEan)| = δnm| = δnm . (8.10)
with ea
m = Ea
m|. The metric gnm of ordinary spacetime is then given by
gnm := en
bem
aρba| = enbemaηba . (8.11)
where gnm and ηba, and their inverses, are used to raise and lower indices of the component fields.
Furthermore, for the Pauli matrices σa and σ¯a the corresponding matrices with a spacetime index are
defined as
σmαα˙ := em
aσaαα˙ , σ¯
α˙α
m := em
aσ¯α˙αa . (8.12)
The gravitino ψm
α and its conjugate ψ¯mα˙ are contained in the double bar projection of the spinor
components Eα and Eα˙ of the supervielbein, namely
Eα‖ = dzmEmα| =: 1
2
dzmψm
α =: eα ,
Eα˙‖ = dzmEmα˙| =: 1
2
dzmψ¯mα˙ =: eα˙ .
(8.13)
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According to the appearance of em
a, ψm
α and ψ¯mα˙ in the supervielbein, their chiral weights are
w(em
a) = 0 , (8.14)
w(ψm
α) = +1 , w(ψ¯mα˙) = −1 . (8.15)
The auxiliary fields M , M and ba of the supergravity multiplet are defined as
R| =: −1
6
M , R| =: −1
6
M , (8.16)
Ga| =: −1
3
ba , (8.17)
with the chiral weights
w(M) = +2 , w(M ) = −2 , (8.18)
w(ba) = 0 . (8.19)
Furthermore, from the double bar projection of the Lorentz connection ΩB
A the spin connection ωB
A is
recovered, namely
Ωb
a‖ = dzmΩmba| =: dzmωmba =: ωba ,
Ωβ
α‖ = dzmΩmβα| =: dzmωmβα =: ωβα ,
Ωβ˙ α˙‖ = dzmΩ β˙m α˙| =: dzmω β˙m α˙ =: ωβ˙ α˙ ,
(8.20)
where ωmB
A inherits the properties from ΩmB
A, in particular
ωmβα
(
= +
1
2
(σbaǫ)βαωmba , ωmβ˙α˙
(
= +
1
2
(ǫσ¯ba)β˙α˙ωmba ,
ωmba = −(ǫσba)βαωmβα
(
+ (σ¯baǫ)
β˙α˙ωmβ˙α˙
(
.
(8.21)
In the following it is shown, that the spin connection is not an independent quantity, but rather a
function of the graviton and the gravitino. This is analogous to general relativity, where the torsion
free condition implies that the spin connection can be expressed in terms of the vielbein. In order to
prove the above statement, the double bar projection of the vector component T a of the torsion tensor
is considered. By definition, the double bar projection of a 2-superform is given by
T a‖ = 1
2
dzm ∧ dznTnma| . (8.22)
On the other hand, if T a is written in terms of the supervielbein by using the covariant derivative, the
double bar projection reads
T a‖ = dEa‖+ Eb ∧ Ωba‖
= dzM ∧ dzN∂NEMa‖ − dzM ∧ dzNENbΩMba‖
= dzm ∧ dzn∂nema − dzm ∧ dznenbωmba
=
1
2
dzm ∧ dzn(Dnema −Dmena) ,
(8.23)
with the covariant derivative of the vielbein components 17
Dnema := ∂nema + embωnba . (8.24)
17Note that the definition of the covariant derivative of em
a in Eq. (8.24) is not covariant with respect to the Levi-Civita
connection of spacetime. The fully covariant derivative would also contain the term −Γpnmep
a with the corresponding
Christoffel symbols Γpnm. Since the Levi-Civita connection is torsion-free, the Christoffel symbols are symmetric in the
indices n,m and thus the term drops out in the antisymmetric combination Dnem
a
−Dmen
a.
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A comparison of Eq. (8.22) and (8.23) leads to
Tnm
a| = Dnema −Dmena . (8.25)
There is another way to evaluate T a‖ using the torsion constraints, namely
T a‖ = 1
2
EB ∧ ECTCBa‖ = Eβ˙ ∧EγTγ β˙a‖
= eβ˙ ∧ eγTγ β˙a| = −
1
4
dzm ∧ dznψ¯nβ˙ψmγTγ β˙a|
=
i
2
dzm ∧ dznψ¯nβ˙ψmγ(σaǫ)γβ˙
=
i
4
dzm ∧ dzn(ψnσaψ¯m − ψmσaψ¯n) ,
(8.26)
thus
Dnema −Dmena = i
2
(ψnσ
aψ¯m − ψmσaψ¯n) . (8.27)
According to Eq. (8.24), this identity is equivalent to
ωnmp − ωmnp = −epa∂nema + epa∂mena + i
2
(ψnσpψ¯m − ψmσpψ¯n) , (8.28)
which implies
ωmnp = +
1
2
(em
a∂nepa − epa∂mena − ena∂pema)
− 1
2
(em
a∂pena − ena∂mepa − epa∂nema)
+
i
4
(ψpσmψ¯n − ψmσnψ¯p − ψnσpψ¯m)
− i
4
(ψnσmψ¯p − ψmσpψ¯n − ψpσnψ¯m) ,
(8.29)
where ωmnp := en
bep
aωmba. Hence, the spin connection is expressed in terms of the graviton and the
gravitino. A similar strategy for the spinor components Tα and Tα˙ of the torsion tensor is applied to
write the components Tcb
α| and Tcbα˙| in terms of the component fields of the supergravity multiplet.
The following two different ways of evaluating the double bar projections Tα‖ and Tα˙‖, namely
Tα‖ = 1
2
dzm ∧ dznTnmα| , (8.30)
Tα˙‖ = 1
2
dzm ∧ dznTnmα˙| , (8.31)
and
Tα‖ = dEα‖+ Eβ ∧Ωβα‖+ Eα ∧A‖
=
1
4
dzm ∧ dzn(Dnψmα −Dmψnα) ,
(8.32)
Tα˙‖ = dEα˙‖+ Eβ˙ ∧ Ωβ˙ α˙‖ − Eα˙ ∧A‖
=
1
4
dzm ∧ dzn(Dnψ¯mα˙ −Dmψ¯nα˙) ,
(8.33)
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with the covariant derivative of the gravitino 18
Dnψmα := ∂nψmα + ψmβωnβα + ψmαAn , (8.34)
Dnψ¯mα˙ := ∂nψ¯mα˙ + ψmβ˙ω β˙n α˙ − ψmα˙An , (8.35)
lead to
Tnm
α| = 1
2
(Dnψmα −Dmψnα) , (8.36)
Tnmα˙| = 1
2
(Dnψ¯mα˙ −Dmψ¯nα˙) . (8.37)
Since the Ka¨hler connection A is a function of the matter superfields φk and φ¯k¯, An := An| can be
expressed in terms of the component fields of the matter multiplet (cf. Eq. (8.70)). On the other hand,
the double bar projection can also be evaluated as follows:
Tα‖ = 1
2
eb ∧ ecTcbα|+ eb ∧ eγTγbα|+ eb ∧ eγ˙T γ˙ αb | , (8.38)
Tα˙‖ = 1
2
eb ∧ ecTcbα˙|+ eb ∧ eγ˙T γ˙ bα˙|+ eb ∧ eγTγbα˙| . (8.39)
By using the explicit expressions for Tγb
α in terms of the superfields R, R and Ga, the corresponding
bar projections read
Tγb
α| = − i
6
(σcσ¯b)γ
αbc , T
γ˙ α
b | = +
i
6
σ¯γ˙αb M , (8.40)
T γ˙ bα˙| = + i
6
(σ¯cσb)
γ˙
α˙b
c , Tγbα˙| = + i
6
σbγα˙M , (8.41)
which implies
Tcb
α| = +1
2
ec
neb
m(Dnψmα −Dmψnα)
+
i
12
(ec
mψmσaσ¯b − ebmψmσaσ¯c)αba
− i
12
(ec
mψ¯mσ¯b − ebmψ¯mσ¯c)αM ,
(8.42)
Tcbα˙| = +1
2
ec
neb
m(Dnψ¯mα˙ −Dmψ¯nα˙)
− i
12
(ec
mψ¯mσ¯aσb − ebmψ¯mσ¯aσc)α˙ba
− i
12
(ec
mψmσb − ebmψmσc)α˙M .
(8.43)
These two quantities are used in subsequent calculations. In particular, they appear in the term Rba
ba|,
which is also used in later calculations, where Ra
b is the vector component of the Lorentz curvature.
According to the definition of the double bar projection for a 2-superform, Rb
a‖ has the form
Rb
a‖ = 1
2
dzm ∧ dznRnmba| , (8.44)
18As the covariant derivative of the graviton in Eq. (8.24), the covariant derivative of the gravitino in Eq. (8.34) and
(8.35) is not covariant with respect to the Levi-Civita connection, since the terms containing the Christoffel symbols vanish
in the antisymmetric combination of the derivatives.
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On the other hand, if the Lorentz curvature is expressed in terms the Lorentz connection, Rb
a‖ reads
Rb
a‖ = dΩba‖+ΩbcΩca‖
=
1
2
dzm ∧ dzn(∂nωmba − ∂mωnba + [ωm, ωn]ba) ,
(8.45)
thus
Rnmb
a| = ∂nωmba − ∂mωnba + [ωm, ωn]ba , (8.46)
showing that Rnmb
a| is the curvature tensor associated to the spin connection ωmba. The corresponding
curvature scalar R is defined as
R := eanebmRnmba| . (8.47)
Another way to evaluate Rb
a‖ is the following:
Rb
a‖ = 1
2
ec ∧ edRdcba|+ ec ∧ eδRδcba|+ 1
2
eγ ∧ eδRδγba| . (8.48)
If the components Rδcb
a and Rδγb
a are written in terms of the superfields R, R and Ga, the corresponding
bar projections are given by
Rδγb
a| = −4
3
(σb
aǫ)δγM , R
δ˙γ˙ a
b | = −
4
3
(σ¯b
aǫ)δ˙γ˙M , (8.49)
Rδa
ba| = −2iσaδδ˙T abδ˙ | , Rδ˙ baa | = −2iσ¯δ˙δa T abδ| , (8.50)
and
R γ˙ aδ b | = −
2i
3
bc(σdǫ)δ
γ˙
ǫdcb
a , (8.51)
from which follows
Rba
ba| = R+ 2iebm(ψmσaǫ)ϕ˙T abϕ˙|+ 2iebm(ψ¯mσ¯aǫ)ϕT abϕ|
− 1
3
M (ψmσ
mnψn)− 1
3
M(ψ¯mσ¯
mnψ¯n)− i
3
ǫmnpqbm(ψnσpψ¯q) .
(8.52)
8.1.3 Matter and Yang-Mills multiplets
The component fields of a matter multiplet are obtained by a successive application of the covariant
derivative and the bar projection on the matter superfields, namely
φk| =: ϕk , Dαφk| =:
√
2χkα , D˜αDαφk| =: −4F k , (8.53)
φ¯k¯| =: ϕ¯k¯ , Dα˙φ¯k¯| =:
√
2χ¯k¯α˙ , D˜α˙Dα˙φ¯k¯| =: −4F k¯ , (8.54)
where ϕk, ϕ¯k¯ are complex scalars, χk, χ¯k¯ are Weyl spinor fermions and F k, F k¯ are complex scalar auxiliary
fields. Note that for the auxiliary fields the same labels as for the corresponding superfields (cf. Eq. (6.55)
and (6.56)) are used. This holds true for the Ka¨hler potential and Ka¨hler transformations
K(φ, φ¯)| =: K(ϕ, ϕ¯) , (8.55)
F (φ)| =: F (ϕ) , F (φ¯)| =: F (ϕ¯) , (8.56)
and derived quantities like the Ka¨hler metric gk¯k. The component fields have the following chiral weights:
w(ϕk) = 0 , w(χkα) = −1 , w(F k) = −2 , (8.57)
w(ϕ¯k¯) = 0 , w(χ¯k¯α˙) = +1 , w(F k¯) = +2 . (8.58)
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The component fields of a Yang-Mills multiplet, namely the vector gauge boson am
(r) the Weyl spinor
gaugino λα
(r) and its conjugate λ¯α˙(r), and the real scalar auxiliary field D(r) are defined as
A(r)‖ =: idzmam(r) =: ia(r) , (8.59)
Wα(r)| =: −iλα(r) , W α˙(r)| =: +iλ¯α˙(r) , (8.60)
DαWα(r)| = Dα˙W α˙(r)| =: −2D(r) , (8.61)
with the chiral weights
w(am
(r)) = 0 , (8.62)
w(λα
(r)) = +1 , w(λ¯α˙(r)) = −1 , (8.63)
w(D(r)) = 0 . (8.64)
Moreover, the component fields take values in the Lie algebra of the Yang-Mills gauge group, namely
am := am
(r)T (r) , (8.65)
λα := λα
(r)T (r) , λ¯
α˙ := λ¯α˙(r)T (r) , (8.66)
D :=D(r)T (r) , (8.67)
where T (r) are the corresponding Hermitian generators. According to the definition of the double bar
projection for a 1-superform, the double bar projection of the Ka¨hler connection reads
A‖ = dzmAm| =: dzmAm . (8.68)
Since in Ka¨hler superspace A is a function of the matter superfields, namely
A =
1
4
(KkDφk −Kk¯Dφ¯k¯) +
i
8
Ea
(
12Ga + σ¯
α˙α
a gkk¯DαφkDα˙φ¯k¯
)
, (8.69)
the component Am has the form
Am +
i
2
em
aba =
1
4
(KkDmϕk −Kk¯Dmϕ¯k¯) +
i
4
gkk¯(χ
kσmχ¯
k¯) . (8.70)
Furthermore, the bar projection of the spinor components Aα and A
α˙ are given by
Aα| = +1
4
KkDαφk| = + 1
2
√
2
Kkχ
k
α , (8.71)
Aα˙| = −1
4
Kk¯Dα˙φ¯k¯| = −
1
2
√
2
Kk¯χ¯
k¯α˙ . (8.72)
In the remainder of this section, some identities are derived which are used in subsequent calculations.
The double bar projection of the covariant derivative of the matter superfields is given by
Dφk‖ = dφk‖ − A(r)(T (r)φ)k‖ = dzmDmϕk , (8.73)
Dφ¯k¯‖ = dφ¯k¯‖+A(r)(φ¯T (r))k¯‖ = dzmDmϕ¯k¯ , (8.74)
with the covariant derivative of the scalars
Dmϕk := ∂mϕk − iam(r)(T (r)ϕ)k , (8.75)
Dmϕ¯k¯ := ∂mϕ¯k¯ + iam(r)(ϕ¯T (r))k¯ . (8.76)
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On the other hand Eq. (8.73) and (8.74) can also be evaluated as
Dφk‖ = eaDaφk|+ eαDαφk|
= eaDaφk|+ 1√
2
eaea
mψm
αχkα ,
(8.77)
Dφ¯k¯‖ = eaDaφ¯k¯|+ eα˙Dα˙φ¯k¯|
= eaDaφ¯k¯|+ 1√
2
eaea
mψ¯mα˙χ¯
k¯α˙ ,
(8.78)
thus
Daφk| = eam
(
Dmϕk − 1√
2
ψmχ
k
)
, (8.79)
Daφ¯k¯| = eam
(
Dmϕ¯k¯ − 1√
2
ψ¯mχ¯
k¯
)
. (8.80)
With a similar strategy the double bar projection of the terms D˜Dαφk and D˜Dα˙φ¯k¯ are evaluated. On
the one hand it is given by
D˜Dαφk‖ = dDαφk‖ − ΩαβDβφk‖ − A(r)(T (r)Dαφ)k‖ −ADαφk‖+ ΓkijDφiDαφj‖ ,
=
√
2 dzmD˜mχkα ,
(8.81)
D˜Dα˙φ¯k¯‖ = dDα˙φ¯k¯‖ − Ωα˙β˙Dβ˙φ¯k¯‖+A(r)(Dα˙φ¯T (r))k¯‖+ADα˙φ¯k¯‖+ Γk¯ i¯j¯Dφ¯i¯Dα˙φ¯j¯‖ ,
=
√
2 dzmD˜mχ¯k¯α˙ ,
(8.82)
with the covariant derivative of the Weyl fermions
D˜mχkα := ∂mχkα − ωmαβχkβ − iam(r)(T (r)χα)k −Amχkα + ΓkijχiαDmϕj , (8.83)
D˜mχ¯k¯α˙ := ∂mχ¯k¯α˙ − ω α˙m β˙ χ¯k¯β˙ + iam(r)(χ¯α˙T (r))k¯ +Amχ¯k¯α˙ + Γk¯ i¯j¯χ¯i¯α˙Dmϕ¯j¯ . (8.84)
On the other hand it has the form
D˜Dαφk‖ = ebD˜bDαφk|+ eβD˜βDαφk|+ eβ˙D˜β˙Dαφk|
= ebD˜bDαφk|+ ebebmψmαF k + iebebm(ψ¯mσ¯nǫ)α
(
Dnϕk − 1√
2
ψnχ
k
)
,
(8.85)
D˜Dα˙φ¯k¯‖ = ebD˜bDα˙φ¯k¯|+ eβ˙D˜β˙Dα˙φ¯k¯|+ eβD˜βDα˙φ¯k¯|
= ebD˜bDα˙φ¯k¯|+ ebebmψ¯mα˙F k¯ + iebebm(ψmσnǫ)α˙
(
Dnϕ¯k¯ − 1√
2
ψ¯nχ¯
k¯
)
.
(8.86)
The bar projection of the terms D˜bDαφk and D˜bDα˙φk is thus given by
D˜bDαφk| = ebm
(√
2D˜mχkα − ψmαF k − i(ψ¯mσ¯nǫ)α
(Dnϕk − 1√
2
ψnχ
k
))
, (8.87)
D˜bDα˙φk| = ebm
(√
2D˜mχ¯k¯α˙ − ψ¯mα˙F k¯ − i(ψmσnǫ)α˙
(Dnϕ¯k¯ − 1√
2
ψ¯nχ¯
k¯
))
. (8.88)
The following two different evaluations of the double bar projection of the Yang-Mills field strength,
F‖ = 1
2
dzm ∧ dznFnm| := i
2
dzm ∧ dznfnm , (8.89)
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and
F‖ = dA‖+A ∧A‖
=
i
2
dzm ∧ dzn(∂nam − ∂man − i[an,am]) , (8.90)
imply, that the field strength tensor fnm has the form
fnm = ∂nam − ∂man − i[an,am] . (8.91)
In addition, if Fβa and F β˙a are written in terms of the superfields W β˙ and Wβ, respectively, the
corresponding bar projections are given by
Fβa| = −σaββ˙λ¯β˙ = −(σaλ¯)β , (8.92)
F β˙a| = −σ¯β˙βa λβ = −(σ¯aλ)β˙ . (8.93)
These identities lead to the following expression for F‖:
F‖ = 1
2
ea ∧ ebFba|+ ea ∧ eβFβa|+ ea ∧ eβ˙F β˙a|
=
1
2
ea ∧ ebFba| − 1
4
ea ∧ eb(ebmψmσaλ¯− eamψmσbλ¯)− 1
4
ea ∧ eb(ebmψ¯mσ¯aλ− eamψ¯mσ¯bλ) ,
(8.94)
which implies
Fba| = +iebneamfnm
+
1
2
eb
m(ψmσaλ¯)− 1
2
ea
m(ψmσbλ¯)
+
1
2
eb
m(ψ¯mσ¯aλ)− 1
2
ea
m(ψ¯mσ¯bλ) .
(8.95)
The term Fba| is used in the following to express DbWα| and DbW α˙| in terms of component fields. The
double bar projection of the covariant derivative of the superfields Wα and W α˙ is given by
DWα‖ = dWα‖ −ΩαβWβ‖+ [Wα,A]‖+AWα‖ = −idzmDmλα , (8.96)
DW α˙‖ = dW α˙‖ − Ωα˙β˙W β˙‖+ [W α˙,A]‖ −AW α˙‖ = +idzmDmλ¯α˙ , (8.97)
with the covariant derivative of the gaugino
Dmλα := ∂mλα − ωmαβλβ − i[am,λα] +Amλα , (8.98)
Dmλ¯α˙ := ∂mλ¯α˙ − ω α˙m β˙ λ¯β˙ − i[am, λ¯α˙]−Amλ¯α˙ . (8.99)
Furthermore, Eq. (8.96) and (8.97) can also be written as
DWα‖ = ebDbWα|+ eβDβWα|
= ebDbWα|+ 1
2
eβ
(− 2(σbaǫ)βαFba + ǫβαDϕWϕ)| , (8.100)
DW α˙‖ = ebDbW α˙|+ eβ˙Dβ˙W α˙|
= ebDbW α˙|+ 1
2
eβ˙
(
+ 2(σ¯baǫ)β˙α˙Fba + ǫβ˙α˙Dϕ˙W ϕ˙
)| , (8.101)
which leads to the expressions
DbWα| = ebm
(
− iDmλα + 1
2
(ifpq + ψpσqλ¯+ ψ¯pσ¯qλ)(ψmσ
pqǫ)α − 1
2
Dψmα
)
, (8.102)
DbW α˙| = ebm
(
+ iDmλ¯α˙ − 1
2
(ifpq + ψpσqλ¯+ ψ¯pσ¯qλ)(ψ¯mσ¯
pqǫ)α˙ − 1
2
Dψ¯m
α˙
)
. (8.103)
101
8.2 Matter D-term
In Section (8.5.2) it will turn out that the component field Lagrangian of the supergravity+matter sector
contains a matter (Fayet-Iliopoulos) D-term Dmatter, given by
Dmatter = −1
2
DαXα|+ i
2
(ψmσ
m)α˙X
α˙|+ i
2
(ψ¯mσ¯
m)αXα| . (8.104)
The goal of this section is to write Dmatter in terms of component fields. According to the expressions
of Xα and X
α˙ in Eq. (6.71) and (6.72), respectively, the corresponding bar projections read
Xα| = − i√
2
gkk¯(σ
mχ¯k¯)α
(
Dmϕk − 1√
2
ψmχ
k
)
+
1√
2
gkk¯χ
k
αF
k¯ − iλα(r)G(r) , (8.105)
Xα˙| = − i√
2
gkk¯(σ¯
mχk)α˙
(
Dmϕ¯k¯ − 1√
2
ψ¯mχ¯
k¯
)
+
1√
2
gkk¯χ¯
k¯α˙F k + iλ¯α˙(r)G(r) . (8.106)
Thus, the last two terms in Eq. (8.104) have the following form:
i
2
(ψmσ
m)α˙X
α˙| = + 1
2
√
2
gkk¯(ψmσ
mσ¯nχk)(Dnϕ¯k¯ − 1√
2
ψ¯nχ¯
k¯)
+
i
2
√
2
gkk¯(ψmσ
mχ¯k¯)F k − 1
2
(ψmσ
mλ¯(r))G(r) ,
(8.107)
i
2
(ψ¯mσ¯
m)αXα| = + 1
2
√
2
gkk¯(ψ¯mσ¯
mσnχ¯k¯)(Dnϕk − 1√
2
ψnχ
k)
+
i
2
√
2
gkk¯(ψ¯mσ¯
mχk)F k¯ +
1
2
(ψ¯mσ¯
mλ(r))G(r) .
(8.108)
Furthermore, the following identities
−gkk¯ηabDaφkDbφ¯k¯| = −gkk¯ gmnDmϕkDnϕ¯k¯
+
1√
2
gkk¯ g
mnDmϕk(ψ¯nχ¯k¯) + 1√
2
gkk¯ g
mnDmϕ¯k¯(ψnχk)
− 1
2
gkk¯ g
mn(ψmχ
k)(ψ¯nχ¯
k¯) ,
(8.109)
− i
4
gkk¯σ
a
αα˙DαφkD˜aDα˙φ¯k¯| −
i
4
gkk¯σ
a
αα˙Dα˙φ¯k¯D˜aDαφk| =
= − i
2
gkk¯χ
kασmαα˙D˜mχ¯k¯α˙ +
i
2
gkk¯(D˜mχkα)σmαα˙χ¯k¯α˙
− i
2
√
2
gkk¯(ψ¯mσ¯
mχk)F k¯ − i
2
√
2
gkk¯(ψmσ
mχ¯k¯)F k
− 1
2
√
2
gkk¯(ψmσ
nσ¯mχk)
(
Dnϕ¯k¯ − 1√
2
ψ¯nχ¯
k¯
)
− 1
2
√
2
gkk¯(ψ¯mσ¯
nσmχ¯k¯)
(
Dnϕk − 1√
2
ψnχ
k
)
,
(8.110)
gkk¯(φ¯T (r))
k¯Wα(r)Dαφk|+ gkk¯(T (r)φ)kWα˙(r)Dα˙φ¯k¯| =
= −i
√
2gkk¯(χ
kλ(r))(ϕ¯T (r))
k¯ + i
√
2gkk¯(χ¯
k¯λ¯(r))(T (r)ϕ)
k ,
(8.111)
1
16
Rkk¯jj¯DαφkDαφjDα˙φ¯k¯Dα˙φ¯j¯| =
1
4
Rkk¯jj¯(χ
kχj)(χ¯k¯χ¯j¯) , (8.112)
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imply that the first term on the right-hand side in Eq. (8.104) has the form
−1
2
DαXα| = −gkk¯ gmnDmϕkDnϕ¯k¯ −
i
2
gkk¯(χ
kσmD˜mχ¯k¯) + i
2
gkk¯(D˜mχkσmχ¯k¯)
+ gkk¯F
kF k¯ +
1
2
gkk¯ g
mn(ψmχ
k)(ψ¯nχ¯
k¯)
+
1
4
Rkk¯jj¯(χ
kχj)(χ¯k¯χ¯j¯)− i
√
2gkk¯(χ
kλ(r))(ϕ¯T (r))
k¯ + i
√
2gkk¯(χ¯
k¯λ¯(r))(T (r)ϕ)
k
+D(r)G(r) −
i
2
√
2
gkk¯(ψ¯mσ¯
mχk)F k¯ − i
2
√
2
gkk¯(ψmσ
mχ¯k¯)F k
− 1
2
√
2
gkk¯(ψ¯mσ¯
nσmχ¯k¯ − 2gmnψ¯mχ¯k¯)
(
Dnϕk − 1√
2
ψnχ
k
)
− 1
2
√
2
gkk¯(ψmσ
nσ¯mχk − 2gmnψmχk)
(
Dnϕ¯k¯ − 1√
2
ψ¯nχ¯
k¯
)
.
(8.113)
Taking the sum of Eq. (8.107), (8.108) and (8.113), the matter D-term reads
Dmatter = −gkk¯ gmnDmϕkDnϕ¯k¯ −
i
2
gkk¯(χ
kσm∇mχ¯k¯) + i
2
gkk¯(∇mχkσmχ¯k¯)
+ gkk¯F
kF k¯ +
1
4
Rkk¯jj¯(χ
kχj)(χ¯k¯χ¯j¯)− 1
2
gkk¯(χ
kσaχ¯k¯)ba
− 1√
2
gkk¯(ψ¯mσ¯
nσmχ¯k¯)Dnϕk − 1√
2
gkk¯(ψmσ
nσ¯mχk)Dnϕ¯k¯
− i
2
gkk¯ǫ
mnpq(χkσmχ¯
k¯)(ψnσpψ¯q)− 1
2
gkk¯ g
mn(ψmχ
k)(ψ¯nχ¯
k¯)
− i
√
2gkk¯(χ
kλ(r))(ϕ¯T (r))
k¯ + i
√
2gkk¯(χ¯
k¯λ¯(r))(T (r)ϕ)
k
− 1
2
(
D(r) +
1
2
(ψ¯mσ¯
mλ(r) − ψmσmλ¯(r))
)(
Kk(T (r)ϕ)
k +Kk¯(ϕ¯T (r))
k¯
)
,
(8.114)
with the definitions
∇mχkα := D˜mχkα −
i
2
em
abaχ
k
α
= ∂mχ
k
α − ωmαβχkβ − iam(r)(T (r)χα)k + ΓkijχiαDmϕj −
1
4
(KjDmϕj −Kj¯Dmϕ¯j¯)χkα
− i
4
gjj¯(χ
jσmχ¯
j¯)χkα ,
(8.115)
∇mχ¯k¯α˙ := D˜mχ¯k¯α˙ + i
2
em
abaχ¯
k¯α˙
= ∂mχ¯
k¯α˙ − ω α˙
m β˙
χ¯k¯β˙ + iam
(r)(χ¯α˙T (r))
k¯ + Γk¯ i¯j¯χ¯
i¯α˙Dmϕ¯j¯ + 1
4
(KjDmϕj −Kj¯Dmϕ¯j¯)χ¯k¯α˙
+
i
4
gjj¯(χ
jσmχ¯
j¯)χ¯k¯α˙ ,
(8.116)
where the covariant derivatives D˜mχkα and D˜mχ¯k¯α˙ are stated in Eq. (8.83) and (8.84), respectively.
The derivatives ∇mχkα and ∇mχ¯k¯α˙ are introduced to easier keep track of the auxiliary field ba in the
component field Lagrangian.
8.3 Supergravity transformations
In this section the supergravity transformations, which correspond to local supersymmetry transforma-
tions adapted to the Wess-Zumino gauge, of the component fields in the minimal supergravity, the matter
and the Yang-Mills multiplet are presented. They are derived from the supergravity transformations at
the superfield level in Section 6.2 and the identification of the component fields as lowest superspace
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components of superfields using the bar projection (cf. Section 8.1). Superspace diffeomorphisms which
appear in supergravity transformations δSGξ are represented by a real and even supervector field ξ = ξ
AEA
with the components ξA = (ξa, ξα, ξ¯α˙), where (ξ
α)∗ = ξ¯α˙ and ξa| = 0. Thus, the bar projection of the
components is written as
(ξa, ξα, ξ¯α˙)| ≡ (0, ξα, ξ¯α˙) . (8.117)
In the explicit calculation of the supergravity transformations of the component fields the identities at
the superfield level from Section 6.2.1 are combined with the identities at the component field level from
Section 8.1.2 and 8.1.3.
• Supergravity multiplet:
The supergravity transformation of the graviton em
a can be read off from Eq. (6.104) by applying
the bar projection:
δSGξ em
a = +i(ξσaψ¯m) + i(ξ¯σ¯
aψm) . (8.118)
From the same equation follows that the supergravity transformation of the gravitino ψm
α and its
conjugate ψ¯mα˙ has the form
δSGξ ψm
α = +2∇mξα − iemabaξα − i
3
(ξσaσ¯m)
αba
+
i
3
(ξ¯σ¯m)
αM − 1
2
√
2
ψm
α(Kkξχ
k −Kk¯ ξ¯χ¯k¯) ,
(8.119)
δSGξ ψ¯mα˙ = +2∇mξ¯α˙ + iemabaξ¯α˙ +
i
3
(ξ¯σ¯aσm)α˙ba
+
i
3
(ξσm)α˙M +
1
2
√
2
ψ¯mα˙(Kkξχ
k −Kk¯ ξ¯χ¯k¯) ,
(8.120)
with the derivatives
∇mξα = ∂mξα + ξβωmβα
+
1
4
(KkDnϕk −Kk¯Dnϕ¯k¯)ξα +
i
4
gkk¯(χ
kσnχ¯
k¯)ξα ,
(8.121)
∇mξ¯α˙ = ∂mξ¯α˙ + ξ¯β˙ω β˙n α˙
− 1
4
(KkDnϕk −Kk¯Dnϕ¯k¯)ξ¯α˙ −
i
4
gkk¯(χ
kσnχ¯
k¯)ξ¯α˙ .
(8.122)
where the expression in Eq. (8.70) is used. Furthermore, from Eq. (6.109) and Eq. (6.110) the
supergravity transformation of the auxiliary field M and its conjugate M can be read off by using
the bar projection, namely
δSGξ M = −i
√
2gkk¯(ξσ
mχ¯k¯)
(
Dmϕk − 1√
2
ψmχ
k
)
+
√
2gkk¯(ξχ
k)F k¯
+ i(ξλ(r))
(
Kk(T (r)ϕ)
k +Kk¯(ϕ¯T (r))
k¯
)− 1√
2
M(Kkξχ
k −Kk¯ ξ¯χ¯k¯)
+ 4(ξσnmDnψm)− i(ξσmσ¯aψm)ba − i(ξσmψ¯m)M ,
(8.123)
δSGξ M = −i
√
2gkk¯(ξ¯σ¯
mχk)
(
Dmϕ¯k¯ − 1√
2
ψ¯mχ¯
k¯
)
+
√
2gkk¯(ξ¯χ¯
k¯)F k
− i(ξ¯λ¯(r))(Kk(T (r)ϕ)k +Kk¯(ϕ¯T (r))k¯)+ 1√
2
M(Kkξχ
k −Kk¯ ξ¯χ¯k¯)
+ 4(ξ¯σ¯nmDnψ¯m) + i(ξ¯σ¯mσaψ¯m)ba − i(ξ¯σ¯mψm)M ,
(8.124)
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where the derivatives Dmϕk and Dmϕ¯k¯ are defined in Eq. (8.75) and (8.76), and Dnψm and Dnψ¯m
are defined in Eq. (8.34) and (8.35). Finally, Eq. (6.114) implies that the supergravity transforma-
tion of the auxiliary field ba is given by
δSGξ ba = +
1
2
(ξσaσ¯
nm − 3ξσnmσa)Dnψ¯m − 1
2
(ξ¯σ¯aσ
nm − 3ξ¯σ¯nmσ¯a)Dnψm
− i
2
ea
m(ξσdψ¯m + ξ¯σ¯
dψm)bd − i
2
ea
m(ξ¯ψ¯m)M +
i
2
ea
m(ξψm)M
− i√
2
gkk¯(ξσaσ¯
mχk)
(
Dmϕ¯k¯ − 1√
2
ψ¯mχ¯
k¯
)
+
1√
2
gkk¯(ξσaχ¯
k¯)F k
+
i√
2
gkk¯(ξ¯σ¯aσ
mχ¯k¯)
(
Dmϕk − 1√
2
ψmχ
k
)
− 1√
2
gkk¯(ξ¯σ¯aχ
k)F k¯
− i
2
(ξσaλ¯
(r) + ξ¯σ¯aλ
(r))
(
Kk(T (r)ϕ)
k +Kk¯(ϕ¯T (r))
k¯
)
.
(8.125)
• Matter multiplet:
The supergravity transformation of the matter scalar field ϕk and its conjugate ϕ¯k¯ can be read off
from Eq. (6.115) and (6.116) by applying the bar projection:
δSGξ ϕ
k =
√
2ξχk , (8.126)
δSGξ ϕ¯
k¯ =
√
2ξ¯χ¯k¯ . (8.127)
In addition, Eq. (6.123) and (6.124) imply that the corresponding Weyl fermions χk and χ¯k¯ trans-
form under supergravity transformations as
δSGξ χ
k
α = +i
√
2(ξ¯σ¯mǫ)α
(
Dmϕk − 1√
2
ψmχ
k
)
+
√
2ξαF
k
+
1√
2
ξαΓ
k
ij(χ
iχj) +
1
2
√
2
χkα(Kkξχ
k −Kk¯ ξ¯χ¯k¯) ,
(8.128)
δSGξ χ¯
k¯α˙ = +i
√
2(ξσmǫ)α˙
(
Dmϕ¯k¯ − 1√
2
ψ¯mχ¯
k¯
)
+
√
2ξ¯α˙F k¯
+
1√
2
ξα˙Γk¯ i¯j¯(χ¯
i¯χ¯j¯)− 1
2
√
2
χ¯kα˙(Kkξχ
k −Kk¯ ξ¯χ¯k¯) .
(8.129)
Finally, according to Eq. (6.123) and (6.124) the supergravity transformations of the auxiliary
scalar fields F k and F k¯ have the form
δSGξ F
k = +i
√
2(ξ¯σ¯m∇mχk)− i(ξ¯σ¯mψm)F k + (ξ¯σ¯mσnψ¯m)
(
Dnϕk − 1√
2
ψnχ
k
)
+
√
2
3
M(ξχk)−
√
2
6
(ξ¯σ¯aχk)ba − 2i(ξ¯λ¯(r))(T (r)ϕ)k −
√
2Γkij(ξχ
i)F j
− 1√
2
gk¯kRik¯jl¯(χ
iχj)(ξ¯χ¯l¯) +
1√
2
F k(Kjξχ
j −Kj¯ ξ¯χ¯j¯) ,
(8.130)
δSGξ F
k¯ = +i
√
2(ξσm∇mχ¯k¯)− i(ξσmψ¯m)F k¯ + (ξσmσ¯nψm)
(
Dnϕ¯k¯ − 1√
2
ψ¯nχ¯
k¯
)
+
√
2
3
M(ξ¯χ¯k¯) +
√
2
6
(ξσaχ¯k¯)ba + 2i(ξλ
(r))(ϕ¯T (r))
k¯ −
√
2Γk¯ i¯j¯(ξ¯χ¯
i¯)F j¯
− 1√
2
gk¯kRki¯lj¯(χ¯
i¯χ¯j¯)(ξχl)− 1√
2
F k¯(Kjξχ
j −Kj¯ ξ¯χ¯j¯) ,
(8.131)
where the derivatives ∇mχk and ∇mχ¯k¯ are defined in Eq. (8.115) and (8.116), respectively.
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• Yang-Mills multiplet:
The supergravity transformation of the vector gauge boson am
(r) follows directly from Eq. (6.133)
by using the bar projection, namely
δSGξ am
(r) = i(ξσmλ¯
(r)) + i(ξ¯σ¯mλ
(r)) . (8.132)
According to Eq. (6.138) and (6.139), under supergravity transformations the corresponding gaug-
ino λα
(r) and its conjugate λ¯α˙(r) transform as
δSGξ λα
(r) = +(ξσmnǫ)α(fmn
(r) − iψmσnλ¯(r) − iψ¯mσ¯nλ(r))
+ iξαD
(r) − 1
2
√
2
λα(r)(Kkξχ
k −Kk¯ ξ¯χ¯k¯) ,
(8.133)
δSGξ λ¯
α˙(r) = +(ξ¯σ¯mnǫ)α˙(fmn
(r) − iψmσnλ¯(r) − iψ¯mσ¯nλ(r))
− iξ¯α˙D(r) + 1
2
√
2
λ¯α˙(r)(Kkξχ
k −Kk¯ ξ¯χ¯k¯) ,
(8.134)
with fmn defined Eq. (8.91). Finally, Eq. (6.143) implies that the supergravity transformation of
the auxiliary scalar field D(r) has the form
δSGξ D
(r) = −(ξσmDmλ¯(r)) + (ξ¯σ¯mDmλ(r)) + i
2
(ψ¯mσ¯
mξ + ψmσ
mξ¯)D(r)
+
1
2
(ψ¯mσ¯
pqσ¯mξ − ψmσpqσmξ¯)(fpq(r) − iψpσqλ¯(r) − iψ¯pσ¯qλ(r)) ,
(8.135)
where the derivatives Dmλ(r) and Dmλ¯(r) are defined in Eq. (8.98) and Eq. (8.99), respectively.
8.4 R-symmetry
As discussed in Section 6.4 at the superfield level, an R-symmetry U(1)R corresponds to an ordinary
U(1) Yang-Mills gauge transformation accompanied with a Ka¨hler transformation. In particular, U(1)R
transformations are parametrized by Ka¨hler transformations, namely αR = −12 ImF where −iαR ∈ u(1).
At the component field level, the Ka¨hler transformation F (ϕk) is a holomorphic function of the matter
scalar fields ϕk. The weight of a component field concerning the U(1)R symmetry, also called R-charge,
is written as wR, and is given by an overall R-charge of the supermultiplet plus the particular chiral
weight of that field. In the following, the R-charges of the component fields in the supergravity, the
matter and the Yang-Mills multiplet are listed.
• Supergravity multiplet:
The overall R-charge of the supergravity multiplet is zero. Thus, the weights wR of the component
fields take the values
wR(em
a) = 0 , (8.136)
wR(ψm
α) = +1 , wR(ψ¯mα˙) = −1 , (8.137)
wR(M) = +2 , wR(M) = −2 , (8.138)
wR(Ga) = 0 . (8.139)
• Matter multiplet:
For a matter multiplet the overall R-charge is not fixed and is written as wR(φ
k). The weights wR
of the component fields are then given by
wR(ϕ
k) = wR(φ
k) , wR(χ
k
α) = wR(φ
k)− 1 , wR(F k) = wR(φk)− 2 , (8.140)
wR(ϕ¯
k¯) = wR(φ¯
k¯) , wR(χ¯
k¯α˙) = wR(φ¯
k¯) + 1 , wR(F
k¯) = wR(φ¯
k¯) + 2 , (8.141)
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where wR(φ¯
k¯) = −wR(φk). Furthermore, in order that U(1)R transformations leave the action
invariant, the Ka¨hler potentialK(ϕk, ϕ¯k¯), the superpotentialW (ϕk), and the gauge kinetic function
f(r)(s)(ϕ
k), as functions of the matter scalar fields, need to have the definite weights
wR(K) = 0 , (8.142)
wR(W ) = +2 , wR(W ) = −2 , (8.143)
wR(f(r)(s)) = 0 , wR(f¯(r)(s)) = 0 . (8.144)
• Yang-Mills multiplet:
The overall R-charge of a Yang-Mills multiplet is always equal to zero and the corresponding
component fields have the following weights wR:
wR(am) = 0 , (8.145)
wR(λα) = +1 , wR(λ¯
α˙) = −1 , (8.146)
wR(D) = 0 . (8.147)
Note that gauge boson which belongs to the U(1)R symmetry transforms as aRm 7→ aRm− ∂mαR.
8.5 Invariant actions
It is convenient to derive the action at the component field level from an action at the superfield level
which is written in terms of the chiral density ER and a chiral superfield Ξ with chiral weight w(Ξ) = +2
(cf. Section 6.3), i.e.
S = 1
2
∫
∗
E
R
Ξ +
1
2
∫
∗
E
R
Ξ , (8.148)
where Ξ = Ξ∗ is antichiral and w(Ξ) = −2. In Section 8.5.1 the action for a general chiral superfield Ξ at
the component field level is computed. This result is then used in the subsequent sections to determine
the action of the supergravity/matter/Yang-Mills system.
8.5.1 General action
In order to derive the general action at the component field level, it is assumed that the terms in
Eq. (8.148) have the form 19
1
2
∫
∗
E
R
Ξ =
∫
d4x
(
e f + λα2 sα + λ3r
)
,
1
2
∫
∗
E
R
Ξ =
∫
d4x
(
e f¯ + λ¯2α˙s¯
α˙ + λ¯3r¯
)
, (8.149)
with the determinant e = det(em
a) and the component fields
r := Ξ| , sα := 1√
2
DαΞ| , f := −1
4
DαDαΞ| , (8.150)
r¯ := Ξ| , s¯α˙ := 1√
2
Dα˙Ξ| , f¯ := −1
4
Dα˙Dα˙Ξ| . (8.151)
Since at the superfield level the action is invariant under supergravity transformations, the coefficients
λα2 , λ¯2α˙, λ3 and λ¯3, which are functions of the component fields of the supergravity multiplet, have to
be chosen such that this holds true at the component field level. The coefficients are determined in the
following.
19A derivation of the density formula using purely superspace methods can be found in [20].
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First, the supergravity transformations of the component fields of Ξ and Ξ are calculated. The double
bar projections of the covariant derivatives DΞ and DΞ read
DΞ‖ = dxmDmΞ| = dxmDmr , DΞ‖ = dxmDmΞ| = dxmDmr¯ , (8.152)
with
Dmr = ∂mr + w(Ξ)r Am , Dmr¯ = ∂mr¯ + w(Ξ)r¯ Am , (8.153)
where Am is given in Eq. (8.70). On the other hand, Eq. (8.152) can also be written as
DΞ‖ = dxm
(
em
aDaΞ|+ 1√
2
ψms
)
, DΞ‖ = dxm
(
em
aDaΞ|+ 1√
2
ψ¯ms¯
)
, (8.154)
thus
DaΞ| = eam
(
Dmr − 1√
2
ψms
)
, DaΞ| = eam
(
Dmr¯ − 1√
2
ψ¯ms¯
)
. (8.155)
In addition, the double bar projections of the terms DDαΞ and DDα˙Ξ are given by
DDαΞ‖ = dxmDmDαΞ| =
√
2dxmDmsα ,
DDα˙Ξ‖ = dxmDmDα˙Ξ| =
√
2dxmDms¯α˙ ,
(8.156)
where
Dmsα = ∂msα − ωmαβsβ +
(
w(Ξ)− 1)sαAm ,
Dms¯α˙ = ∂ms¯α˙ − ω α˙m β˙ s¯β˙ +
(
w(Ξ) + 1
)
s¯α˙Am .
(8.157)
A comparison of Eq. (8.156) with the identities
DDαΞ‖ = dxm
(
em
aDaDαΞ|+ ψmαf + i(σaψ¯m)α
(DaΞ|+ iw(Ξ)
2
bar
))
,
DDα˙Ξ‖ = dxm
(
em
aDaDα˙Ξ|+ ψ¯mα˙f¯ + i(σ¯aψm)α˙
(DaΞ|+ iw(Ξ)
2
bar¯
))
,
(8.158)
implies that
DaDαΞ| = eam
(√
2Dmsα − ψmαf − i(σnψ¯m)α
(Dnr − 1√
2
ψns+
iw(Ξ)
2
en
abar
))
,
DaDα˙Ξ| = eam
(√
2Dms¯α˙ − ψmα˙f¯ − i(σ¯nψm)α˙
(Dnr¯ − 1√
2
ψ¯ns¯+
iw(Ξ)
2
en
abar¯
))
.
(8.159)
Using the identities in Eq. (8.155) and (8.159), the supergravity transformations of the component fields
have the following form: Eq. (6.146) and (6.147) imply
δSGξ r =
√
2ξs− w(Ξ)
2
√
2
(Kkξχ
k −Kk¯ ξ¯χ¯k¯)r , (8.160)
δSGξ r¯ =
√
2ξ¯s¯− w(Ξ)
2
√
2
(Kkξχ
k −Kk¯ ξ¯χ¯k¯)r¯ , (8.161)
furthermore, Eq. (6.154) and (6.155) lead to
δSGξ sα =
√
2ξαf + i
√
2(σmξ¯)α
(
Dmr − 1√
2
ψms+
iw(Ξ)
2
em
abar
)
− w(Ξ)− 1
2
√
2
(Kkξχ
k −Kk¯ ξ¯χ¯k¯)sα ,
(8.162)
δSGξ s¯
α˙ =
√
2ξ¯α˙f¯ + i
√
2(σ¯mξ)α˙
(
Dmr¯ − 1√
2
ψ¯ms¯+
iw(Ξ)
2
em
abar¯
)
− w(Ξ) + 1
2
√
2
(Kkξχ
k −Kk¯ ξ¯χ¯k¯)s¯α˙ ,
(8.163)
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and from Eq. (6.162) and (6.163) follows
δSGξ f = i
√
2(ξ¯σ¯mDms)− i(ξ¯σ¯mψm)f + (ξ¯σ¯mσnψ¯m)
(
Dnr − 1√
2
ψns+
iw(Ξ)
2
en
abar
)
+
√
2
3
M ξs−
√
2
6
(
3w(Ξ) − 2)(ξ¯σ¯as)ba + w(Ξ)r ξ¯β˙X β˙ |
− w(Ξ)− 2
2
√
2
(Kkξχ
k −Kk¯ξ¯χ¯k¯)f ,
(8.164)
δSGξ f¯ = i
√
2(ξσmDms¯)− i(ξσmψ¯m)f¯ + (ξσmσ¯nψm)
(
Dnr¯ − 1√
2
ψ¯ns¯+
iw(Ξ)
2
en
abar¯
)
+
√
2
3
M ξ¯s¯−
√
2
6
(
3w(Ξ) + 2
)
(ξσas¯)ba + w(Ξ)r¯ ξ
βXβ |
− w(Ξ) + 2
2
√
2
(Kkξχ
k −Kk¯ξ¯χ¯k¯)f¯ .
(8.165)
Having determined the expressions for δSGξ r, δ
SG
ξ sα and δ
SG
ξ f , the coefficients λ
α
2 and λ3 are determined
by the requirement that the supergravity transformation of the sum of the terms
l1 := e f , l2 := λ
α
2 sα , l3 := λ3 r , (8.166)
vanishes up to a total derivative with respect to spacetime indices. The transformation of the term l1
has the form
1
e
δSGξ l1 = +i(ξσ
mψ¯m)f − 2
√
2
3
(ξ¯σ¯as)ba + i
√
2(ξ¯σ¯mDms)
+ (ξ¯σ¯mσnψ¯m)(Dnr − 1√
2
ψns+ ien
abar) +
√
2
3
M ξs+ 2r ξ¯β˙X
β˙ | ,
(8.167)
where δSGξ e is computed by using the expression for δ
SG
ξ em
a from Eq. (8.118), namely
δSGξ e = e ea
mδSGξ em
a = ie(ξσmψ¯m + ξ¯σ¯
mψm) . (8.168)
The transformation δSGξ sα in Eq. (8.162) indicates that the first term in Eq. (8.167) can be cancelled by
choosing
λα2 =
ie√
2
(ψ¯mσ¯
m)α . (8.169)
With the expression for δSGξ ψ¯mα˙ from Eq. (8.120), the supergravity transformation of the term l2 is then
given by
1
e
δSGξ l2 = +i
√
2(Dmξ¯σ¯ms) + 2
√
2
3
(ξ¯σ¯as)ba +
2
√
2
3
M ξs+ i(ψ¯mσ¯
mξ)f
+
1√
2
(ψ¯mσ¯
ns)(ξσmψ¯n + ξ¯σ¯
mψn)− 1√
2
(ψ¯mσ¯
ms)(ξσnψ¯n + ξ¯σ¯
nψn)
− (ξ¯σ¯nσmψ¯m)
(
Dnr − 1√
2
ψns+ iea
nbar
)
,
(8.170)
thus
1
e
δSGξ (l1 + l2) = +
√
2M ξs+ 2r ξ¯β˙X
β˙ |+ i
√
2(ξ¯σ¯mDms+Dmξ¯σ¯ms)
+
1√
2
(ψ¯mσ¯
ns)(ξσmψ¯n + ξ¯σ¯
mψn)− 1√
2
(ψ¯mσ¯
ms)(ξσnψ¯n + ξ¯σ¯
nψn)
+ 4(ξ¯σ¯mnψ¯m)
(
Dnr − 1√
2
ψns+ iea
nbar
)
.
(8.171)
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Again, the transformation δSGξ r in Eq. (8.160) shows that the first term in Eq. (8.171) is eliminated by
setting
λ3 = −eM . (8.172)
Using the expression for δSGξ M from Eq. (8.124), the supergravity transformation of the term l3 reads
1
e
δSGξ l3 = −
√
2M ξs− i(ξσmψ¯m)M r − i(ξ¯σ¯mσaψm)bar − 4(ξ¯σ¯nmDnψ¯m)r
+ i
√
2gkk¯(ξ¯σ¯
mχk)
(
Dmϕ¯k¯ − 1√
2
ψ¯mχ¯
k¯
)
r −
√
2gkk¯F
k(ξ¯χ¯k¯)r
+ i(ξ¯λ¯(r))
(
Kk(T (r)ϕ)
k +Kk¯(ϕ¯T (r))
k¯
)
r ,
(8.173)
hence, with the expression for X β˙| from Eq. (8.106) follows
1
e
δSGξ (l1 + l2 + l3) = −i(ξσmψ¯m)M r − i(ξ¯σ¯aσmψm)bar + i
√
2Dm(ξ¯σ¯ms)− i
√
2(ξ¯Dmσ¯ms)
− 4Dn(ξ¯σ¯nmψ¯m)r + 4(Dnξ¯σ¯nmψ¯m)r + 4(ξ¯Dnσ¯nmψ¯m)r + 4√
2
(ξ¯σ¯nmψ¯m)(ψns)
+
1√
2
(ψ¯mσ¯
ns)(ξσmψ¯n + ξ¯σ¯
mψn)− 1√
2
(ψ¯mσ¯
ms)(ξσnψ¯n + ξ¯σ¯
nψn) .
(8.174)
The expression for δSGξ ψ¯mα˙ implies that the first term in Eq. (8.174) can be cancelled by another term
l′3 := λ
′
3 r, where
λ′3 = −e (ψ¯mσ¯mnψ¯n) . (8.175)
Applying the identity in Eq. (2.51), the transformation of l′3 is calculated as
1
e
δSGξ l
′
3 = +i(ξσ
mψ¯m)M r + i(ξ¯σ¯
aσmψm)bar − 4(Dnξ¯σ¯nmψ¯m)r −
√
2(ψ¯mσ¯
mnψ¯n)(ξs)
+ 2ir(ψ¯mσ¯
npψ¯p)(ξ¯σ¯
mψn)− ir(ψ¯mσ¯mpψ¯p)(ξ¯σ¯nψn) ,
(8.176)
thus
1
e
δSGξ (l1 + l2 + l3 + l
′
3) = +i
√
2Dm(ξ¯σ¯ms)− i
√
2(ξ¯Dmσ¯ms)
− 4Dn(ξ¯σ¯nmψ¯m)r + 4(ξ¯Dnσ¯nmψ¯m)r
+
4√
2
(ξ¯σ¯nmψ¯m)(ψns) +
1√
2
(ψ¯mσ¯
ns)(ξ¯σ¯mψn)− 1√
2
(ψ¯mσ¯
ms)(ξ¯σ¯nψn)
+ 2ir(ψ¯mσ¯
npψ¯p)(ξ¯σ¯
mψn)− ir(ψ¯mσ¯mpψ¯p)(ξ¯σ¯nψn) .
(8.177)
In order to show that the expression in Eq. (8.177) is equal to a total derivative with respect to spacetime
coordinates, the identities
Dmσ¯m = −1
e
(∂me)σ¯
m − i
2
(ψnσ
nψ¯m − ψmσnψ¯n)σ¯m , (8.178)
Dnσ¯nm = −1
e
(∂ne)σ¯
nm +
i
2
(ψnσ
mψ¯p)σ¯
pn +
i
2
(ψnσ
pψ¯p − ψpσpψ¯n)σ¯nm , (8.179)
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are used. These identities and the fact that Dmvn = ∂mvn for any field vn with a spacetime index imply
+i
√
2Dm(ξ¯σ¯ms)− i
√
2(ξ¯Dmσ¯ms) = + i
√
2
e
∂m(e ξ¯σ¯
ms)− 4√
2
(ξ¯σ¯nmψ¯m)(ψns)
− 1√
2
(ψ¯mσ¯
ns)(ξ¯σ¯mψn) +
1√
2
(ψ¯nσ¯
ns)(ξ¯σ¯mψm) ,
(8.180)
−4Dn(ξ¯σ¯nmψ¯m)r + 4(ξ¯Dnσ¯nmψ¯m)r = −4
e
∂n(e r ξ¯σ¯
nmψ¯m)− 2ir(ψ¯mσ¯npψ¯p)(ξ¯σ¯mψn)
+ ir(ψ¯mσ¯
mpψ¯p)(ξ¯σ¯
nψn) .
(8.181)
Consequently, Eq. (8.177) can be written as
δSGξ (l1 + l2 + l3 + l
′
3) = ∂m
(
i
√
2 e (ξ¯σ¯ms)− 4e (ξ¯σ¯nmψ¯m)r
)
. (8.182)
Since total derivatives vanish when integrated over, the first term in Eq. (8.149) is given by
1
2
∫
∗
E
R
Ξ =
∫
d4x e
(
f +
i√
2
ψ¯mσ¯
ms− r(M + ψ¯mσ¯mnψ¯n)
)
, (8.183)
where both sides are inert under supergravity transformations. A similar calculation shows that the
second term in Eq. (8.149) reads
1
2
∫
∗
E
R
Ξ =
∫
d4x e
(
f¯ +
i√
2
ψmσ
ms¯− r¯(M + ψmσmnψn)
)
. (8.184)
Thus, a generic Lagrangian L(Ξ,Ξ) which is defined by
S = 1
2
∫
∗
E
R
Ξ +
1
2
∫
∗
E
R
Ξ =:
∫
d4xL(Ξ,Ξ) , (8.185)
is invariant under supergravity transformations (up to a total derivative) and has the following form
L(Ξ,Ξ) = e (f + f¯) + i√
2
e (ψ¯mσ¯
ms+ ψmσ
ms¯)
− e r(M + ψ¯mσ¯mnψ¯n)− e r¯(M + ψmσmnψn) .
(8.186)
8.5.2 Supergravity+matter part
If the supergravity+matter part of the action, stated in Eq. (6.170), is written in terms of the chiral
density as in Eq. (6.165), the corresponding chiral superfield and its conjugate have the following form
Ξsugra+matter = −3R , Ξsugra+matter = −3R . (8.187)
The scalar component fields r and r¯ of Ξ and Ξ are then given by
r =
1
2
M , r¯ =
1
2
M . (8.188)
Using Eq. (4.154) and (4.155), the Weyl spinor component fields read
sα =
1√
2
Xα|+
√
2(σcbǫ)αϕTcb
ϕ| , s¯α˙ = 1√
2
Xα˙|+
√
2(σcbǫ)α˙ϕ˙Tcbϕ˙| , (8.189)
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which implies
i√
2
(ψ¯mσ¯
ms) = +
i
2
(ψ¯mσ¯
m)αXα|+ iebm(ψ¯mσ¯aǫ)ϕT abϕ|+ 1
2
ǫmnpq(ψ¯mσ¯nDpψq)
+
i
6
ǫmnpq(ψ¯mσ¯nψq)bp +
1
6
(ψnσ
mψ¯m − ψmσmψ¯n)bn + 1
3
(ψ¯mσ¯
mnψ¯n)M ,
(8.190)
i√
2
(ψmσ
ms¯) = +
i
2
(ψmσ
m)α˙X
α˙|+ iebm(ψmσaǫ)ϕ˙T abϕ˙| − 1
2
ǫmnpq(ψmσnDpψ¯q)
+
i
6
ǫmnpq(ψ¯mσ¯nψq)bp − 1
6
(ψnσ
mψ¯m − ψmσmψ¯n)bn + 1
3
(ψmσ
mnψn)M .
(8.191)
Furthermore, the two auxiliary fields f and f¯ are given by
f =
3
4
D2R| , f¯ = 3
4
D¯2R| , (8.192)
thus, using Eq. (4.152), their sum is calculated as
f + f¯ = −1
2
Rba
ba| − 1
2
DαXα|+ 3GaGa|+ 24RR|
= −1
2
R+ 2
3
MM +
1
3
baba − 1
2
DαXα|
− iebm(ψ¯mσ¯aǫ)ϕT abϕ| − iebm(ψmσaǫ)ϕ˙T abϕ˙|
+
i
6
ǫmnpq(ψ¯mσ¯nψq)bp +
1
6
(ψ¯mσ¯
mnψ¯n)M +
1
6
(ψmσ
mnψn)M .
(8.193)
According to Eq. (8.186), the supergravity+matter part of the Lagrangian at the component field level
then has the following form
e−1Lsupergravity+matter = −1
2
R+ 1
2
ǫmnpq(ψ¯mσ¯n∇pψq − ψmσn∇pψ¯q)
− 1
3
MM +
1
3
baba +Dmatter ,
(8.194)
with the derivatives
∇nψmα := Dnψmα + i
2
en
abaψm
α
= ∂nψm
α + ψm
βωnβ
α +
1
4
(KkDnϕk −Kk¯Dnϕ¯k¯)ψmα +
i
4
gkk¯(χ
kσnχ¯
k¯)ψm
α ,
(8.195)
∇nψ¯mα˙ := Dnψ¯mα˙ − i
2
en
abaψ¯mα˙
= ∂nψ¯mα˙ + ψ¯mβ˙ω
β˙
n α˙ −
1
4
(KkDnϕk −Kk¯Dnϕ¯k¯)ψ¯mα˙ −
i
4
gkk¯(χ
kσnχ¯
k¯)ψ¯mα˙ ,
(8.196)
where Dnψmα and Dnψ¯mα˙ are defined in Eq. (8.34) and (8.35). The term Dmatter is given in Eq. (8.114).
8.5.3 Superpotential part
According to Eq. (6.178), the superpotential part of the action is constructed by using the chiral and
antichiral superfield
Ξsuperpotential = e
K/2W , Ξsuperpotential = e
K/2W . (8.197)
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The corresponding scalar component fields are then given by
r = eK/2W , r¯ = eK/2W . (8.198)
In order to evaluate the covariant derivatives DαΞ and Dα˙Ξ, they are explicitly written in terms of the
Ka¨hler connection, because the individual objects K, W and W do not have well defined chiral weights:
DαΞ = DαΞ + 2AαΞ = eK/2(Wk +WKk)Dαφk , (8.199)
Dα˙Ξ = Dα˙Ξ− 2Aα˙Ξ = eK/2(W k¯ +WKk¯)Dα˙φ¯k¯ , (8.200)
where the expressions Aα = +
1
4KkDαφk and Aα˙ = −14Kk¯Dα˙φ¯k¯, and the identities from Eq. (6.174),
(6.43) and (6.44) are used. Since under Ka¨hler transformations the terms (Wk+WKk) and (W k¯+WKk¯)
transform in the same way as W and W , respectively, it is convenient to define the covariant derivatives
(cf. the discussion in Section 5)
DkW :=Wk +WKk , Dk¯W :=W k¯ +WKk¯ . (8.201)
With these expressions the Weyl spinor component fields read
sα = e
K/2χkαDkW , s¯
α˙ = eK/2χ¯k¯α˙Dk¯W . (8.202)
Using the identities
DαDαΞ = DαDαΞ− Ωα βα DβΞ +AαDαΞ
= eK/2DkW D˜αDαφk + eK/2
(
(∂j +Kj)DkW − ΓijkDiW
)DαφjDαφk , (8.203)
Dα˙Dα˙Ξ = Dα˙Dα˙Ξ− Ω α˙α˙ β˙Dβ˙Ξ−Aα˙Dα˙Ξ
= eK/2Dk¯W D˜α˙Dα˙φ¯k¯|+ eK/2
(
(∂j¯ +Kj¯)Dk¯W − Γi¯ j¯k¯Di¯W
)Dα˙φ¯j¯Dα˙φ¯k¯ , (8.204)
the auxiliary component fields have the form
f = eK/2
(
F kDkW − 1
2
χjχkDjDkW
)
, f¯ = eK/2
(
F k¯Dk¯W −
1
2
χ¯j¯χ¯k¯Dj¯Dk¯W
)
, (8.205)
with the covariant derivatives
D˜jDkW := (∂j +Kj)DkW − ΓijkDiW , D˜j¯Dk¯W := (∂j¯ +Kj¯)Dk¯W − Γi¯ j¯k¯Di¯W , (8.206)
where D˜jDkW and D˜j¯Dk¯W have the same transformation property under Ka¨hler transformations as W
and W , respectively. The tilde indicates that the derivative is also covariant with respect to Levi-Civita
connection of the metric gkk¯. The superpotential part of the Lagrangian is then given by
e−1Lsuperpotential = +eK/2
(
F kDkW + F
k¯Dk¯W −MW −MW
)
− 1
2
eK/2
(
(χjχk)D˜jDkW + (χ¯
j¯χ¯k¯)D˜j¯Dk¯W
)
+
i√
2
eK/2
(
(ψ¯mσ¯
mχk)DkW + (ψmσ
mχ¯k¯)Dk¯W
)
− eK/2((ψ¯mσ¯mnψ¯n)W + (ψmσmnψn)W ) .
(8.207)
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8.5.4 Yang-Mills part
As stated in Eq. (6.184), the chiral and the antichiral superfield
ΞYang-Mills =
1
4
f(r)(s)Wβ(r)Wβ(s) , ΞYang-Mills =
1
4
f¯(r)(s)Wβ˙(r)W β˙(s) , (8.208)
are used to construct the Yang-Mills part of the Action. The corresponding scalar component fields thus
read
r = −1
4
f(r)(s)λ
(r)λ(s) , r¯ = −1
4
f¯(r)(s)λ¯
(r)λ¯(s) . (8.209)
The covariant derivatives
DαΞ = 1
4
∂f(r)(s)
∂φk
DαφkWβ(r)Wβ(s) − 1
4
f(r)(s)Wα(r)DβWβ(s) +
1
2
f(r)(s)(σ
ba)α
βWβ(r)Fba(s) , (8.210)
Dα˙Ξ = 1
4
∂f¯(r)(s)
∂φ¯k¯
Dα˙φ¯k¯Wβ˙(r)W β˙(s) −
1
4
f¯(r)(s)W α˙(r)Dβ˙W β˙(s) −
1
2
f¯(r)(s)(σ¯
ba)α˙β˙W β˙(r)Fba(s) , (8.211)
are calculated by applying Eq. (5.94)–(5.97). With these two identities and the expression for Fba| in
Eq. (8.95) follows, that the Weyl spinor component fields are given by
sα = − i
2
√
2
f(r)(s)
(
λα
(r)D(s) + (σmnλ(r))α(ifmn
(s) + ψmσnλ¯
(s) + ψ¯mσ¯nλ
(s))
)
− 1
4
∂kf(r)(s)χ
k
α(λ
(r)λ(s)) ,
(8.212)
s¯α˙ = +
i
2
√
2
f¯(r)(s)
(
λ¯α˙(r)D(s) − (σ¯mnλ¯(r))α˙(ifmn(s) + ψmσnλ¯(s) + ψ¯mσ¯nλ(s))
)
− 1
4
∂k¯f¯(r)(s)χ¯
k¯α˙(λ¯(r)λ¯(s)) .
(8.213)
Furthermore, the double covariant derivatives
DαDαΞ = −1
2
f(r)(s)
(1
2
(DαWα(r))(DβWβ(s)) + Fba(r)Fba(s) + i
2
ǫdcbaFdc(r)Fba(s)
)
+
1
2
f(r)(s)Wα(r)
(
12RWα(s) + 4iσaαα˙DaW α˙(s)
)
− ∂f(r)(s)
∂φk
(1
2
DαφkWα(r)DβWβ(s) −Dαφk(σba)αβWβ(r)Fba(s)
)
+
1
4
∂f(r)(s)
∂φk
D˜αDαφkWβ(r)Wβ(s)
+
1
4
(∂2f(r)(s)
∂φj∂φk
− Γijk
∂f(r)(s)
∂φi
)
DαφjDαφkWβ(r)Wβ(s) ,
(8.214)
Dα˙Dα˙Ξ = −1
2
f¯(r)(s)
(1
2
(Dα˙W α˙(r))(Dβ˙W β˙(s)) + Fba(r)Fba(s) −
i
2
ǫdcbaFdc(r)Fba(s)
)
+
1
2
f¯(r)(s)Wα˙(r)
(
12RW α˙(s) + 4iσ¯aα˙αDaWα(s)
)
− ∂f¯(r)(s)
∂φ¯k¯
(1
2
Dα˙φ¯k¯W α˙(r)Dβ˙W β˙(s) +Dα˙φ¯k¯(σ¯ba)α˙β˙W β˙(r)Fba(s)
)
+
1
4
∂f¯(r)(s)
∂φ¯k¯
D˜α˙Dα˙φ¯k¯Wβ˙(r)W β˙(s)
+
1
4
(∂2f¯(r)(s)
∂φ¯j¯∂φ¯k¯
− Γi¯ j¯k¯
∂f¯(r)(s)
∂φ¯i¯
)
Dα˙φ¯j¯Dα˙φ¯k¯Wβ˙(r)W β˙(s) ,
(8.215)
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in combination with the explicit form of Fba|, lead to the following expressions for the auxiliary compo-
nent fields:
f = −1
4
f(r)(s)
(
−D(r)D(s) + 1
2
fmn(r)fmn
(s) +
i
4
ǫmnpqfmn
(r)fpq
(s)
− ifmn(r)(ψmσnλ¯(s) + ψ¯mσ¯nλ(s)) + 1
2
ǫmnpqfmn
(r)(ψpσqλ¯
(s) + ψ¯pσ¯qλ
(s))
− 1
4
(gmpgnq − gmqgnp + iǫmnpq)(ψmσnλ¯(r) + ψ¯mσ¯nλ(r))(ψpσqλ¯(s) + ψ¯pσ¯qλ(s))
+M(λ(r)λ(s)) + 2i(λ(r)σmDmλ¯(s))−D(r)(λ(s)σmψ¯m)
− (ψ¯pσ¯mnσ¯pλ(r))(ifmn(r) + ψmσnλ¯(s) + ψ¯mσ¯nλ(s))
)
− 1
4
∂kf(r)(s)
(
F k(λ(r)λ(s))− i
√
2(χkλ(r))D(s)
− i
√
2(χkσmnλ(r))(ifmn
(s) + ψmσnλ¯
(s) + ψ¯mσ¯nλ
(s))
)
+
1
8
∂˜j∂kf(r)(s)(χ
jχk)(λ(r)λ(s)) ,
(8.216)
f¯ = −1
4
f¯(r)(s)
(
−D(r)D(s) + 1
2
fmn(r)fmn
(s) − i
4
ǫmnpqfmn
(r)fpq
(s)
− ifmn(r)(ψmσnλ¯(s) + ψ¯mσ¯nλ(s))− 1
2
ǫmnpqfmn
(r)(ψpσqλ¯
(s) + ψ¯pσ¯qλ
(s))
− 1
4
(gmpgnq − gmqgnp − iǫmnpq)(ψmσnλ¯(r) + ψ¯mσ¯nλ(r))(ψpσqλ¯(s) + ψ¯pσ¯qλ(s))
+M(λ¯(r)λ¯(s)) + 2i(λ¯(r)σ¯mDmλ(s)) +D(r)(λ¯(s)σ¯mψm)
− (ψpσmnσpλ¯(r))(ifmn(r) + ψmσnλ¯(s) + ψ¯mσ¯nλ(s))
)
− 1
4
∂k¯f¯(r)(s)
(
F k¯(λ¯(r)λ¯(s)) + i
√
2(χ¯k¯λ¯(r))D(s)
− i
√
2(χ¯kσ¯mnλ¯(r))(ifmn
(s) + ψmσnλ¯
(s) + ψ¯mσ¯nλ
(s))
)
+
1
8
∂˜j¯∂k¯f¯(r)(s)(χ¯
j¯χ¯k¯)(λ¯(r)λ¯(s)) ,
(8.217)
where the covariant derivatives ∂˜j and ∂˜j¯ with respect to the Levi-Civita connection of the metric gkk¯
are defined as
∂˜j∂k := ∂j∂k − Γijk∂i , ∂˜j¯∂k¯ := ∂j¯∂k¯ − Γi¯ j¯k¯∂i¯ . (8.218)
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Using the above expressions for the component fields, the Yang-Mills part of the Lagrangian is given by
e−1LYM = −1
4
Re f(r)(s)f
mn(r)fmn
(s) +
1
8
Im f(r)(s)ǫmnpqf
mn(r)fpq(s)
− i
2
(
f(r)(s)λ
(r)σm∇mλ¯(s) + f¯(r)(s)λ¯(r)σ¯m∇mλ(s)
)
+
1
2
Re f(r)(s)(λ
(r)σaλ¯(s))ba
+
1
2
Re f(r)(s)D
(r)D(s) +
i
2
Re f(r)(s)f
mn(r)(ψmσnλ¯
(s) + ψ¯mσ¯nλ
(s))
− 1
4
Re f(r)(s)ǫmnpqf
mn(r)(ψpσqλ¯(s) − ψ¯pσ¯qλ(s))
− 1
16
Re f(r)(s)
(
(λ(r)λ(s))(3gmn + 2σ¯mn)(ψ¯mψ¯n) + (λ¯
(r)λ¯(s))(3gmn + 2σmn)(ψmψn)
)
+
1
4
(
Re f(r)(s)(g
mpgnq − gmqgnp) + Im f(r)(s)ǫmnpq
)
(ψ¯mσ¯nλ
(r))(ψpσqλ¯
(s))
− 1
2
√
2
(
∂kf(r)(s)(χ
kσmnλ(r)) + ∂k¯f¯(r)(s)(χ¯
k¯σ¯mnλ¯(r))
)
fmn
(s)
+
i
2
√
2
(
∂kf(r)(s)(χ
kλ(r))− ∂k¯f¯(r)(s)(χ¯k¯λ¯(r))
)
D(s)
− 1
4
(
∂kf(r)(s)(λ
(r)λ(s))
(
F k − i
2
√
2
(ψ¯mσ¯
mχk)
)
+ ∂k¯f¯(r)(s)(λ¯
(r)λ¯(s))
(
F k¯ − i
2
√
2
(ψmσ
mχ¯k¯)
))
+
i
2
√
2
(
∂kf(r)(s)(ψmσnλ¯
(r))(χkσmnλ(s)) + ∂k¯f¯(r)(s)(ψ¯mσ¯nλ
(r))(χ¯k¯σ¯mnλ¯(s))
)
+
1
8
(
∂˜j∂kf(r)(s)(χ
jχk)(λ(r)λ(s)) + ∂˜j¯∂k¯f¯(r)(s)(χ¯
j¯χ¯k¯)(λ¯(r)λ¯(s))
)
,
(8.219)
with the derivatives
∇mλα(r) := Dmλα(r) + i
2
em
abaλα
(r)
= ∂mλα
(r) − ωmαβλβ(r) + am(p)c(p)(q)(r)λα(q) +
1
4
(KkDmϕk −Kk¯Dmϕ¯k¯)λα(r)
+
i
4
gkk¯(χ
kσmχ¯
k¯)λα
(r) ,
(8.220)
∇mλ¯α˙(r) := Dmλ¯α˙(r) − i
2
em
abaλ¯
α˙(r)
= ∂mλ¯
α˙(r) − ω α˙
m β˙
λ¯β˙(r) + am
(p)c(p)(q)
(r)λ¯α˙(q) − 1
4
(KkDmϕk −Kk¯Dmϕ¯k¯)λ¯α˙(r)
− i
4
gkk¯(χ
kσmχ¯
k¯)λ¯α˙(r) ,
(8.221)
where Dmλα(r) and Dmλ¯α˙(r) are defined in Eq. (8.98) and (8.99).
8.5.5 Summary
The Lagrangian of the supergravity/matter/Yang-Mills system reads
L = Lsupergravity+matter + Lsuperpotential + LYang-Mills , (8.222)
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where the tree contributions are stated in Eq. (8.194), (8.207) and (8.219), respectively. Thus, L has the
following form:
e−1L = −1
2
R+ 1
2
ǫmnpq(ψ¯mσ¯n∇pψq − ψmσn∇pψ¯q)
− gkk¯ gmnDmϕkDnϕ¯k¯ −
i
2
gkk¯(χ
kσm∇mχ¯k¯ + χ¯k¯σ¯m∇mχk)
− 1
4
Re f(r)(s)f
mn(r)fmn
(s) +
1
8
Im f(r)(s)ǫmnpqf
mn(r)fpq(s)
− i
2
(
f(r)(s)λ
(r)σm∇mλ¯(s) + f¯(r)(s)λ¯(r)σ¯m∇mλ(s)
)
+ eK
(
3WW − gk¯kDkW Dk¯W
)
− 1
2
eK/2
(
D˜jDkW (χ
jχk) + D˜j¯Dk¯W (χ¯
j¯χ¯k¯)
)
+
1
4
(
Rkk¯jj¯ +
3
2
gkk¯gjj¯
)
(χkχj)(χ¯k¯χ¯j¯)− 3
4
gkk¯ Re f(r)(s)(χ
kλ(r))(χ¯k¯λ¯(s))
− i
√
2gkk¯(χ
kλ(r))(ϕ¯T (r))
k¯ + i
√
2gkk¯(χ¯
k¯λ¯(r))(T (r)ϕ)
k
− 1
2
√
2
(
∂kf(r)(s)(χ
kσmnλ(r)) + ∂k¯f¯(r)(s)(χ¯
k¯σ¯mnλ¯(r))
)
fmn
(s)
+
1
8
(
∂˜j∂kf(r)(s)(χ
jχk) + 2gk¯keK/2∂kf(r)(s)Dk¯W
)
(λ(r)λ(s))
+
1
8
(
∂˜j¯∂k¯f¯(r)(s)(χ¯
j¯χ¯k¯) + 2gk¯keK/2∂k¯f¯(r)(s)DkW
)
(λ¯(r)λ¯(s))
+
1
16
(
6Re f(r)(p)Re f(s)(q) − gk¯k∂kf(r)(s)∂k¯f¯(p)(q)
)
(λ(r)λ(s))(λ¯(p)λ¯(q))
− 1
2
(
Re f(r)(s)
)−1(
Kk(T (r)ϕ)
k − i
2
√
2
∂kf(r)(p)(χ
kλ(p)) +
i
2
√
2
∂k¯f¯(r)(p)(χ¯
k¯λ¯(p))
)
×
(
Kj¯(ϕ¯T (s))
j¯ − i
2
√
2
∂jf(s)(q)(χ
jλ(q)) +
i
2
√
2
∂j¯ f¯(s)(q)(χ¯
j¯λ¯(q))
)
− 1√
2
(
gkk¯(ψ¯mσ¯
nσmχ¯k¯)Dnϕk + gkk¯(ψmσnσ¯mχk)Dnϕ¯k¯
)
− 1
4
(
ψ¯mσ¯
mλ(r) − ψmσmλ¯(r)
)(
Kk(T (r)ϕ)
k +Kk¯(ϕ¯T (r))
k¯
)
+
i
8
√
2
(
∂kf(r)(s)(λ
(r)λ(s))(ψ¯mσ¯
mχk) + ∂k¯f¯(r)(s)(λ¯
(r)λ¯(s))(ψmσ
mχ¯k¯)
)
+
i
2
√
2
(
∂kf(r)(s)(ψmσnλ¯
(r))(χkσmnλ(s)) + ∂k¯f¯(r)(s)(ψ¯mσ¯nλ
(r))(χ¯k¯σ¯mnλ¯(s))
)
+
i
2
Re f(r)(s)f
mn(r)
(
(ψmσnλ¯
(s) + ψ¯mσ¯nλ
(s)) +
i
2
ǫmnpq(ψ
pσqλ¯(s) − ψ¯pσ¯qλ(s))
)
+ eK/2
( i√
2
(ψ¯mσ¯
mχk)DkW +
i√
2
(ψmσ
mχ¯k¯)Dk¯W − (ψ¯mσ¯mnψ¯n)W − (ψmσmnψn)W
)
− i
2
gkk¯ǫ
mnpq(χkσmχ¯
k¯)(ψnσpψ¯q)− 1
2
gkk¯ g
mn(ψmχ
k)(ψ¯nχ¯
k¯)
− 1
16
Re f(r)(s)
(
(λ(r)λ(s))(3gmn + 2σ¯mn)(ψ¯mψ¯n) + (λ¯
(r)λ¯(s))(3gmn + 2σmn)(ψmψn)
)
+
1
4
(
Re f(r)(s)(g
mpgnq − gmqgnp) + Im f(r)(s)ǫmnpq
)
(ψ¯mσ¯nλ
(r))(ψpσqλ¯
(s))
− 1
3
MM+
1
3
baba + gkk¯F
kF
k¯
+
1
2
Re f(r)(s)Dˆ
(r)Dˆ(s) ,
(8.223)
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where the diagonalized auxiliary fields are used, which are defined as
M :=M + 3eK/2W , (8.224)
M :=M + 3eK/2W , (8.225)
ba := ba − 3
4
gkk¯(χ
kσaχ¯
k¯) +
3
4
Re f(r)(s)(λ
(r)σaλ¯
(s)) , (8.226)
Fk := F k + gk¯keK/2Dk¯W −
1
4
gk¯k∂k¯f¯(r)(s)(λ¯
(r)λ¯(s)) , (8.227)
F
k¯
:= F k¯ + gk¯keK/2DkW − 1
4
gk¯k∂kf(r)(s)(λ
(r)λ(s)) , (8.228)
Dˆ(r) :=D(r) − 1
2
(
Re f(r)(s)
)−1(
Kk(T (s)ϕ)
k +Kk¯(ϕ¯T (s))
k¯
− i√
2
∂kf(s)(p)(χ
kλ(p)) +
i√
2
∂k¯f¯(s)(p)(χ¯
k¯λ¯(p))
)
.
(8.229)
It is convenient to write the Lagrangian in terms of the diagonalized auxiliary fields, since they have
trivial equations of motion, which follows from Eqs. (7.187)–(7.192) by projection to lowest components.
Hence, Eq. (8.223) without the last line represents the Lagrangian after integrating out the auxiliary
fields.20. If the auxiliary fields are integrated out, the scalar part of the Lagrangian, i.e. the scalar
potential (up to a minus sign), is given by
e−1Lscalar = −eK
(
gk¯kDkW Dk¯W − 3WW
)
− 1
2
(
Re f(r)(s)
)−1(
Kk(T (r)ϕ)
kKk¯(ϕ¯T (s))
k¯
)
. (8.230)
In the following, the quantities and expressions which are used in Eqs. (8.223)–(8.229) are summarized.
• Indices:
Spacetime indices: m,n, p, q
Lorentz indices: vector: a, b, c, d
Weyl spinor: α, α˙, β, β˙, γ, γ˙, δ, δ˙
Matter field indices: i, i¯, j, j¯, k, k¯, l, l¯
Yang-Mills group (adjoint representation) indices: (p), (q), (r), (s)
• Tensors:
Minkowski metric: ηba = diag(−1,+1,+1,+1)
Levi-Civita tensors: ǫabcd with ǫ0123 = +1, ǫ
0123 = −1
ǫαβ (= ǫα˙β˙) with ǫ12 = +1, ǫ12 = −1
Pauli matrices: (σ¯0, σ¯1, σ¯2, σ¯3) = (+σ0,−σ1,−σ2,−σ3)
σab = 14(σ
aσ¯b − σbσ¯a), σ¯ab = 14 (σ¯aσb − σ¯bσa)
• Component fields:
Supergravity multiplet: graviton em
a, gravitino ψm
α (ψ¯mα˙), auxiliary fields M (M), ba
Matter multiplet: complex scalar ϕk (ϕ¯k¯), Weyl fermion χkα (χ¯
k¯α˙), auxiliary field F k (F k¯)
Yang-Mills multiplet: gauge boson am
(r), gaugino λα
(r) (λ¯α˙(r)), auxiliary field D(r)
• Scalar functions:
Ka¨hler potential: K(ϕ, ϕ¯)
Superpotential: W (ϕ)
(
W (ϕ¯)
)
Gauge kinetic function: f(r)(s)(ϕ)
(
f¯(r)(s)(ϕ¯)
)
• Supergravity sector:
The spacetime metric is written as
gmn = em
ben
aηba , (8.231)
20Once the auxiliary fields are integrated out, the action specified by the Lagrangian in Eq. (8.223) is invariant under
supergravity transformations only on-shell.
118
and the corresponding curvature scalar is given by
R = eanebm
(
∂nωmb
a − ∂mωnba + [ωm, ωn]ba
)
, (8.232)
where the spin connection has the form
en
bepaωmb
a = ωmnp = +
1
2
(em
a∂nepa − epa∂mena − ena∂pema)
− 1
2
(em
a∂pena − ena∂mepa − epa∂nema)
+
i
4
(ψpσmψ¯n − ψmσnψ¯p − ψnσpψ¯m)
− i
4
(ψnσmψ¯p − ψmσpψ¯n − ψpσnψ¯m) .
(8.233)
Written in terms of spinor indices, the spin connection reads
ωmβα
(
= +
1
2
(σbaǫ)βαωmba , ωmβ˙α˙
(
= +
1
2
(ǫσ¯ba)β˙α˙ωmba ,
ωmba = −(ǫσba)βαωmβα
(
+ (σ¯baǫ)
β˙α˙ωmβ˙α˙
(
.
(8.234)
Furthermore, the Pauli matrices with a spacetime index are defined as
σm = σaea
m , σ¯m = σ¯aea
m , (8.235)
where ea
m is the inverse of em
a, and the Levi-Civita symbol with spacetime indices is specified by
ǫmnpq = em
aen
bep
ceq
dǫabcd , ǫ
mnpq = ea
meb
nec
ped
qǫabcd . (8.236)
The canonical density of spacetime is given by
e = det(em
a) . (8.237)
• Matter sector:
In terms of the Ka¨hler potential, the Ka¨hler metric is written as
gkk¯ = Kkk¯ , (8.238)
and the inverse matrix is labelled as gk¯k. The (non-vanishing) Christoffel symbols of the corre-
sponding Levi-Civita connection are then given by
Γkij = g
k¯kgik¯,j , Γ
k¯
i¯j¯ = g
k¯kgki¯,j¯ , (8.239)
and the Riemann tensor has the form
Rkk¯jj¯ = gkk¯,jj¯ − gl¯l gkl¯,j glk¯,j¯ . (8.240)
Using the notation
∂k ≡ ∂
∂ϕk
, ∂k¯ ≡
∂
∂ϕ¯k¯
, (8.241)
the covariant derivative with respect to the Levi-Civita connection reads
∂˜j∂k = ∂j∂k − Γijk∂i , ∂˜j¯∂k¯ = ∂j¯∂k¯ − Γi¯ j¯k¯∂i¯ . (8.242)
Furthermore, for the superpotential the derivatives
DkW =Wk +WKk , Dk¯W =W k¯ +WKk¯ , (8.243)
and
D˜jDkW = (∂j +Kj)DkW − ΓijkDiW , D˜j¯Dk¯W = (∂j¯ +Kj¯)Dk¯W − Γi¯ j¯k¯Di¯W , (8.244)
are defined.
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• Yang-Mills sector:
The Hermitian generators of the Yang-Mills gauge group are written as T (r), and the (real) struc-
ture constants are defined by
[T (p),T (q)] = ic(p)(q)
(r)T (r) . (8.245)
Furthermore, the field strength tensor is given by
fmn
(r) = ∂man
(r) − ∂nam(r) + c(p)(q)(r)am(p)an(q) . (8.246)
• Covariant derivatives:
The covariant derivatives of the matter scalar fields have the form
Dmϕk = ∂mϕk − iam(r)(T (r)ϕ)k , (8.247)
Dmϕ¯k¯ = ∂mϕ¯k¯ + iam(r)(ϕ¯T (r))k¯ . (8.248)
The following derivatives correspond to the covariant derivatives of the respective fields, extended
by two terms which contain matter fields:21
∇mχkα = ∂mχkα − ωmαβχkβ − iam(r)(T (r)χα)k + ΓkijχiαDmϕj
− 1
4
(KjDmϕj −Kj¯Dmϕ¯j¯)χkα −
i
4
gjj¯(χ
jσmχ¯
j¯)χkα ,
(8.249)
∇mχ¯k¯α˙ = ∂mχ¯k¯α˙ − ω α˙m β˙ χ¯k¯β˙ + iam(r)(χ¯α˙T (r))k¯ + Γk¯ i¯j¯χ¯i¯α˙Dmϕ¯j¯
+
1
4
(KjDmϕj −Kj¯Dmϕ¯j¯)χ¯k¯α˙ +
i
4
gjj¯(χ
jσmχ¯
j¯)χ¯k¯α˙ ,
(8.250)
∇mλα(r) = ∂mλα(r) − ωmαβλβ (r) + am(p)c(p)(q)(r)λα(q)
+
1
4
(KkDmϕk −Kk¯Dmϕ¯k¯)λα(r) +
i
4
gkk¯(χ
kσmχ¯
k¯)λα
(r) ,
(8.251)
∇mλ¯α˙(r) = ∂mλ¯α˙(r) − ω α˙m β˙ λ¯β˙(r) + am(p)c(p)(q)(r)λ¯α˙(q)
− 1
4
(KkDmϕk −Kk¯Dmϕ¯k¯)λ¯α˙(r) −
i
4
gkk¯(χ
kσmχ¯
k¯)λ¯α˙(r) ,
(8.252)
∇nψmα = ∂nψmα + ψmβωnβα
+
1
4
(KkDnϕk −Kk¯Dnϕ¯k¯)ψmα +
i
4
gkk¯(χ
kσnχ¯
k¯)ψm
α ,
(8.253)
∇nψ¯mα˙ = ∂nψ¯mα˙ + ψ¯mβ˙ω β˙n α˙
− 1
4
(KkDnϕk −Kk¯Dnϕ¯k¯)ψ¯mα˙ −
i
4
gkk¯(χ
kσnχ¯
k¯)ψ¯mα˙ .
(8.254)
21Note, the covariant derivatives of the gravitino and its conjugate are not covariant with respect to the Levi-Civita
connection of spacetime, since the terms containing the corresponding Christoffel symbols drop out in the antisymmetric
combination of the derivatives.
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